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Abstract

The purpose of this writing is to fill in detailed proofs for the remarks done in the Topology lecture
taught by Professor Ulrich Bauer, Nico Stucki and Sebastian Spindler in SoSe2022. Therefore, the

style of writing assumes the reader has read the lecture notes of the corresponding week.
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1 Handoutl

In the lecture notes of this week, we discussed metric spaces, topological spaces, how we specify a
topology, how is a continuous function between two topological spaces defined, how we axiomatize
topological spaces via neighbourhoods, open and closed maps, interior boundary, closure and countability
and separability of a topological spaces. We will fill out proofs for the remarks done in the lecture.
Beware: The style of writing is rather detailed and sometimes maybe annoying for a pure mathematician.
This is due to the reason that | am a physicist, who has to look up several things, while doing the
proofs in a precise manner, | sometimes lack prerequisites.

If you find any typos, please let me know at lehel@csillag.ro.



I am open to any feedback regarding the writing/formatting style: (should | use more symbols, less

text? should | use less symbols, more text? should | try to arrange things differently on the page?)

1.1 Continuity

Firstly, we said that topological spaces form a category, which requires that the composition of

continuous maps is continuous. The continuous maps in the category Top are the morphisms.

Proposition 1.1. Let (X,0x),(Y,Oy),(Z,0z) be topological spaces and f:X —Y,g:Y — Z be
continuous maps with respect to Ox,Oy,O,. Then, go f is continuous.

Proof. go f is continuous <= (gof) (V)€ Ox V V € Oz. To show this, let V € Oz arbitrary.
Then:

(gof)"' (V) ={xeX|(gofHx) eV}={xeX|fx) eg” (V)} =" (g7'(V)).

But since V € Oz and g is continuous we have that g=!(V) € Oy. Moreover, using that f is continuous,
we have that f~!(g=!(V)) € Oy, since g~!(V) € Oy. Thus, preimage of every open set in Z is open in
X, as desired. This finishes the proof. []

1.2 Basis, neighbourhood basis

Proposition 1.2. Let (X,0Ox) be a topological space and B a basis of (X,Ox). Then B,:={A €
Blx € A} is a neighbourhood basis of x.

Proof. Let B be a basis for Ox. Then, every open set U in (X,Ox) is a union of elements of B. Let
x € X. Let V be a neighbourhood of x. By definition of neighbourhood, we have that there exists an
openset 0 € Ox: 0 CV,xe 0. Since B is a basis and B, contains those basis elements, which contain
x, we have that O must be union of some elements of B,. Therefore, there exists A€ B,:ACOCYV,

as desired. O

Proposition 1.3. Let (X,0Ox) be a topological space and let By be a neighbourhood basis for

eachx € X. Then |J By is a basis of (X,0Ox).
xeX

Proof. Let B= |J By and U € Ox be an open set. We want to show that U is a union of elements of
xeX
B. To thisend, let x € U. Then, U is a neighbourhood of x. Since By is a neighbourhood basis of x,

we have that:
AU, e B,: U, CUVxeU.

In particular, U, € B,. We now claim that U = |J U,. This is true, since: xe U, =— U C U U,.
Moreover, we have that |J U, CU: Letae | g a € Uy for some x e U, but U, C U, thusxglé U.
So, we have that U C LXJEI{]X/\ UUu,Cu S U= U U,. Since U, € By, we have that every open
set U € Ox can be obtgeirlljed byxﬁﬁion of elements of)g,Upreciser the elements Uy, as desired. []



1.3 Interior, boundary, closure

Proposition 1.4. Let (X,0Ox) be a topological space, AC X and x € A. Then x is an isolated
point of A iff it is not a limit point of A.

Proof. "=- Suppose x € X is an isolated point of A. Then, we have that 3V € N,: VNA = {x}. This
implies: 3V € Ny: (VNA)\ {x} =@. Thus, x is not a limit point of A.
"<=” Suppose x € X is not a limit point of A. Then, we have that IV € N, : (VNA)\ {x} = 2. Now,

we take union with x, we have:
WV e N - (VNA) \{x}) U{x} = {x}.
The LHS can be equivalently rewritten as:

(VAN {x}) U = (VA U{xP)\ ({o} \ {x})
=((VNnA)U{x})\ 2
= (VNA)U{x} #VNA in general.

Therefore:
WV eEN: (VNA\{xHU{x} ={x} < FVeEN,: (VNA)U{x} ={x} < FVEN,:VNAC {x}.

So far, we have VNA C {x}. Now, let x € {x}. Since V € Ny, we have thatx € V. By assumption x € A.
Thus x € VNA. This implies that {x} CVNA. Therefore:

1. VNA C{x};
2. {x} CVNA.

Which finally says that VNA = {x}. Namely, we found V € N, : VNA = {x}, that is, x is an isolated
point of A. []

Remark 1.5. We have to be careful. In general (A\B)UB # A. Counterexample: let A,B be
disjoint, B non-empty. Then A\B=A. Thus, (A\B)UB=AUB# A, since B is non-empty by

assumption.

Proposition 1.6. Let (X,Ox) be a topological space and A CX. A point x € A is an interior
point of A iff it is not a boundary point of A.

Proof. "=" Suppose x € A is an interior point of A = A € N,. Then, trivially, it is not a boundary
point.

"<=” Suppose x € A is not a boundary point of A. Then A € N, or X\ A € N,. But, by assumption, we
have that x€e A = A € N, = x Is interior point of A. []



Proposition 1.7. Let (X,0Ox) be a topological space and A CX. Then x € X is a closure point
of A iff it is an interior point of A or it is a boundary point of A.

Proof. "= " Let x € X be a closure point. Then, VYV € Nx : VNA # &. Suppose x € X is not an interior
point of A = A ¢ N,. Butif A¢ N, = X\ A ¢&N,, since all neighbourhoods V € N, intersect A.
Hence, we showed: if x € X is not an interior point of A, then A ¢ Ny and X \ A € N,. This implies
x € X is a boundary point of A.

"<= Conversely, let x € X be an interior point = A€ N,. Thus, x€A. Then, YW en,:VNA#J,
sincexeV and x € A. Thus, x is a closure point of A.

Let x € X be a boundary point = X\A &N, = VYV € N,:V can't be subset of X\A = VNA #
@ = x Is a closure point of A. []

Remark 1.8. In the above proof, we used: if B = CAD, then B = D in particular. Namely,
we did not use that boundary — A & Ny.

Remark 1.9. If A € Ny, it does not necessarily imply that ANV = &, where V € Ny. It simply

means that A doesn’t contain an open set containing x, but it can still contain x.

Proposition 1.10. Let (X,Ox) be a topological space and A CX. Then x € X is a closure point
of A Iff it is either a limit point of A or an isolated point of A.

Proof. "= Let x € X be a closure point of A. Then, VWV € N,: VNA # &. Suppose x € X is not an
isolated point of A. This implies ¥V € Ny : VNA # {x}. So, we have two conditions:

1. VW EeN,:VNA # g;
2. VNA # {x}.

VNA# @ = JacVNA. Moreover, VNA# {x} = JacVNA:a# {x} = Jac (VNA)\{x}#2.
Finally, this shows that (VNA)\ {x} # @,¥V € N,. Thus, x is a limit point of A.
"<=” Let x € X be a limit point of A. This implies that YV € N, : (VNA)\ {x} # @. Moreover:

YV EN: (VNAN\{x} £0 = W EN,:TacVNA:a#{x} = W eEN,:TacVNA = VW EN,:VNA£D.

Since YV € N, : VNA # @, we have that x is a closure point of A.
Let x € X be an isolated point of A. This implies that 3U € N, : (UNA) = {x} = x € A. But since
x €A, we have that VV € N, : VNA # &, because x € V and x € A. Thus, x is a closure point of A. [

1.4 Countability

Proposition 1.11. Let (X,0Ox) be a second countable topological space. Then it is also first
countable.



Proof. Assume (X,Ox) is second countable. This implies that it has a countable basis B. By

proposition 1.2, we have for each x € X a neighbourhood basis given by:
B.:={Ae€BlxcA}.

We know that B is countable, because (X,QOx) is second countable and that B, C B. Using that the
subset of a countable set is countable, we have obtained a countable neighbourhood basis for each
x € X. Therefore, (X,0Ox) is second countable. O

Proposition 1.12. Let (X,0x),(Y,Oy) be topological spaces and f: (X,0x) — (Y,Oy) be a

homeomorphism. If (X,Ox) is first countable, then so is (Y,Oy).

Proof. As (X,QOx) is first countable, every point x € X has a countable neighbourhood basis B;.

Moreover, by the definition of neighbourhood basis:
YUEN,:3BEB,:BCU.
By the definition of neighbourhood, we can also conclude:
YU € Ox:xeU' :3B e B,nOx :B CU'

Since each B’ € B,NOx is open in (X,Ox), such that x € X and f is a homeomorphism, we have that
f(B') is open in (Y,Oy) and contains f(x). Moreover, as f is bijective, we have that Vye Y :3xe X :

f(x) =y. Hence, consider the following collection of open sets:
By :={f(B")|B' € B,nOx}.

We claim that the collection By is a countable neighbourhood basis for each y € Y. Clearly, By is
countable, as By was countable and f is a bijection. We now want to show that it is a neighbourhood
basis. To this end, we proceed by contrapositive. Suppose By is not a neighbourhood basis of y €Y.
This implies:

VeN,:YMeBy,:BZYV.

Writing out concretely who the elements of By, are:
IV eN,:Vf(B):B €B.NOx: f(B)ZV.

As f is bijective:
WEN,:VB € B.NOx:B L f (V).

However, as V € N, there exists V' € Oy NN, : y € V'. Moreover, y = f(x) by surjectivity, thus
f'(y) =x. But as y € V', we have f~!(y) € f~1(V’), and as f is a homeomorphism, f~'(V’) is
open in (X,0x) and contains f~!(y) = f~'(f(x)) = x, such that there does not exist an element A
in B,NOx :AC f~1(V"). However, this contradicts the fact that B, is a neighbourhood basis of x.



Hence, we conclude that By is a countable neighbourhood basis of (Y,Oy). U

Corollary 1.13. Let (X,0Ox),(Y,Oy) be topological spaces and f:X —Y be a homeomorphism.
X s first countable iff Y Is.

Corollary 1.14. First countability is a topological property.

Proposition 1.15. Let (X,0x),(Y,Oy) be topological spaces and f: (X,0x) — (Y,Oy) be a
homeomorphism. If (X,Ox) is second countable, then so is (Y,Oy).

Proof. Let (X,0Ox) be second countable. Then, there exists a countable basis B of (X,Ox). Hence,
every open set U € Ox can be written as union of basis elements:

YU eOx:U=JB.
BeB

This implies:

f<U>:f(uB) _ s

BeB BeB

As fis a homeomorphism, f(U) € Oy. We now claim that the collection
B:={f(B)|B € B}

is a countable basis for (¥,0Oy). Clearly B is countable, as B is countable and f is bijective. We now
show it is a basis for the topology Oy. We proceed by contrapositive. Suppose it is not a a basis for
the topology Oy. This implies:

WeOy:V#£|JA = IVeOy:V£ | f(m)
AEg MeBB

Using that f is a homeomorphism, i.e. bijective and in both directions continuous:

V) eox: V)£ U A = 3 (v)eox:v#£ M

AeB MeB

However, this contradicts that B is a basis for (X,Ox). Hence, B is a basis for Oy. ]

Corollary 1.16. Let (X,0Ox),(Y,Oy) be topological spaces and f:X — Y be a homeomorphism.
X is second countable iff Y is.

I Corollary 1.17. Second countability is a topological property.

| Proposition 1.18. Let (X,Ox) be a second countable topological space. Then any subset A C X



equipped with the subspace topology

Oy = {AﬁU’UGOx}

Is a secound countable topological space.
Proof. Since (X,Ox) is second countable, it has a countable basis B. We claim that
By :={ANS|S € B}

is a countable basis of (A,Oy4). Clearly, as B is countable and B4 C B, we have that By is countable
aswell. We now want to show that B, is a basis of (A,Oy4). To this end, we have to show that every
open set in (A,O4) can be written as a union of elements of B4. First, note that all elements of 5,4
are open in (A,Oy4) by the definition of subspace topology, as B is a basis of (X,Ox), so its elements
are open sets. Now, let U C A be open in (A,04). By the definition of subspace topology, we have:

U=ANV forsome V CX,V e Oy.

Since V € Oy and B is a basis, we have that there exists a subcollection B’ C B, such that:

v=1Js.

SeB’

Hence U can be written as:

U=AN ( U S> = J @ns).

SepB’ SepB’
But clearly we have that ANS € O4. Moreover, union of open sets is open by the definition of topology.
Hence, every open set U € O4 can be expressed as union of elements in B4, which shows that it is a
basis for the topology O4. []

Corollary 1.19. Second countability is hereditary.

1.5 Separability as a topological property

Proposition 1.20. Let (X,0x),(Y,Oy) be topological spaces and f: (X,0x) — (Y,Oy) be a

homeomorphism. If (X,0Ox) is separable, then so is (Y,Oy).
Proof. As (X,0Ox) is separable, there exists A C X, which is both countable and dense, that is:
YU € Ox :ANU # @.

We now claim that f(A) is countable and dense in (Y,Oy). Clearly, it is separable as A is countable
and f is bijective. Now, let V € Oy. Since f is continuous, we have that f~!(V) € Ox. Since A is



dense, we have:
flv)nA+a.

Therefore:
FUVINA) #0 <= f(FT(VINfA) # 2 <= VNfA)# 2.

As this holds for all open sets V € Oy, we have that f(A) is dense in (Y,Oy), which finishes the
proof. []

Corollary 1.21. Separability is a topological property.

To do: Prove separability is not hereditary.
To do: Prove separability is equivalent to second countability in metric spaces. This is in particular

important for Hilbert spaces!

2 Handout2

2.1 Subspaces and induced topology

Proposition 2.1. Let (X,0Ox) be a topological space and let A C X. The subspace topology on
A defined by:
Oy :={ANU|U € Ox}

Is a topology on A.

Proof. We have to verify all the three axioms of a topology:

1. @ € Oy, since @ € Ox and AN = @. Similarly, we have that A € Oy, since X € Ox and
ANX =A;

2. Let S,T € O4. Then, we have:
ScOy = U € Ox:S=UNA;

TeOy = VeOx:T=VNA.

Therefore:
SNT=(UNA)N(VNA)=(UNV)NA.

But since U,V € Oy, we have that UNV € Oy, because Oy is a topology. Hence, by denoting

M :=UNV e Oy, we can rewrite the statement as:
SNT=MnNA, M e Ox,

which tells us precisely that SNT € O4, by the definition of the subspace topology.



3. Let (Si)ier € O4 be an arbtirary collection of open sets. Then, we have:
Viel:3dV,eOx:S5;,=V,NA

By using set theoretic arguments:

Usi=Jwvina) = (Uv,) NA.

icl icl icl

But since each (Vi)ie; € Ox and Oy is a topology, we have that their union is in the topology

aswell. Denote this union as N := |JV; € Ox. Then, we have:
iel

JSi=NnA, NeOx.

icl

This is precisely the definition of being in the subspace topology, hence the arbitrary union of

open sets is open, as desired, which finishes the proof.

Proposition 2.2. Let (X,Ox) be a topological space and let A C X be equipped with the subspace
topology Oa. Then S C A is closed in (A,04) iff S = KNA for some K closed in (X,Ox).

Proof. ” =" Let S be closed in (A,O4). This implies that:
A\ S € Oq.
By the definition of subspace topology:
A\S€e Oy =— U € Ox:A\S=UnNA.

We now have to write S = KNA for some K closed in (X,0x). We know that X\ U is closed in

(X,0x), since U was open. We claim choosing K =X \ U does the job. This can be seen as follows:
(X\U)NA=(XNA)\(UNA)=A\(UNA).
Now using the assumption that S is closed in Oy:
A\(UNA)=A\(A\S)=S.

Thus, indeed, we have that:
S=(X\U)NA.

Hence, if S is closed in (A,O4), it can be written as S = KNA for some K closed in (X,Ox), namely
K=X\U.

10



"<" Let S=KNA for some K closed in (X,0Ox). We have to show that KNA is closed in (A,O4):
KNA isclosed in (A,04) <= A\(KNA) €Oy < JU € Ox: A\ (KNA)=UNA.

Thus, we only have to show that there exists U € Ox : A\ (KNA) = U NA. But this indeed holds if we
let U=X\K, since:

1. U=X\K is open in (X,0Ox, since K is closed by assumption;
2. (X\K)NA=(XNA)\(KNA)=A\(KNA), as desired.

]
Proposition 2.3. Let (X,0Ox) be a topological space and let A C X be open in (X,0Ox). Then :
UCAecOy < U € Ox.
Mnemonic: A subspace of a topological space is open iff it is open with respect to the subspace
topology.
Proof. "=" Let U CA € O4. This implies that:
FVeOx:U=VNA.

But since A € Ox and Oy is a topology, we have that VNA € Oy, thus U € Oy, as desired.
< Let U CA € Ox. But since U is a subset of A, we have that U = U NA. Thus, there exists V € Oy,
such that U =V NA, namely V =U. This shows that U € Oy. ]

Lemma 2.4. Let (X,0Ox) be a topological space and (A;)ic; be subsets of X equipped with the

subspace topology. Then the inclusion maps
jitAi—X, ji(U)=U

are continuous.

Proof. j; are continuous <= (j;)~1(U) € Oy YU € Ox. Now let U € Ox. Then:
()~ (U) ={U € Ailji(U) X} ={U € AilU X} =UNX.

But since U € Oy, we have that UNX € Oy, by the definition of the subspace topology. Thus, we
showed that:
() N U)=UNnX € Ox, YU € Oy,

as desired. n

We now come to an important theorem related to characterization of topologies via closed sets.

11



Theorem 2.5. Let X be a set and Ox C P(X). Then Ox is a topology on X iff
1. X, are closed sets in Ox;
2. The union of finitely many closed sets is closed in Ox;

3. The intersection of arbitrarily many closed sets is closed in Ox,

where a closed set 'V in Ox is defined as a subset of X, such that X\V € Ox.

Proof. "= Assume Oy is a topology on X. Then:
1. X is closed in Oy, since X\ X = @ € Ox. Similarly, & is closed in Oy, since X\ @ =X € Ox.

2. Let (Vi)ien be a finite collection of closed sets in Ox. Then, we have:
(X \Vi)ien € Ox.

But since Ox was supposed to be a topology, the intersection of finitely many open sets is still

open in the topology:

n

X\ V) € Ox.

i=1

By the De Morgan laws A.2 we can rewrite this as:

A\ =X\ (L”Jv,->.
i—1

i=1

Since the two sets are equal and the LHS is open in Oy, so is the RHS.
More explicitly: (X\ <U V,)) € Ox. Hence, |JV; is closed in Ox.

i=1

3. Let (V;)ier be an arbitrary collection of closed sets in Ox. Then, we have:
(X \Vi)ier € Ox.

But since Ox was supposed to be a topology, the union of arbitrarily many open sets is still open

in the topology:

U&x\v) € Ox.

iel
By the De Morgan laws A.1 we can rewrite this as:
U&x\vi) =x\ (ﬂw)
icl icl
Since the two sets are equal and the LHS is open in Oy, so is the RHS.
More explicitly: (X\ (ﬂ V,)) € Ox. Hence NV, is closed in Ox.

icl icl

12



"«<" Conversely, suppose the axioms 1 —3 hold for a collection of subsets Ox of the power set P(X).

Then we have a collection of subsets, such that:

1. X is closed in Ox. This implies X\ X = @ € Ox. Similarly, @ is closed in Oy, that is X\ @ =
X e Ox.

n
2. If (Vi)jen are closed in Ox, then |J V; is closed in Ox. This can be rewritten as:
i=1

(X\V,')ieNEOX — (X\ <CJVI)>> € Ox.

i=1

Using the De Morgan laws A.1, we can rewrite the right hand side of the implication to obtain:

(X \Vi)ien € Ox = ﬁ(X\V,') € Ox.
i=1

3. If (V})ier are closed in Oy, then N V; is closed in Ox. This can be rewritten as:
icl

(X\Vl‘)iej c Oy — (X\ <ﬂVl)>> € Oy.

icl

Using the De Morgan laws A.1, we can rewrite the right hand side of the implication to obtain:

(X \Vi)ien € Ox = [J(X\ Vi) € Ox.

icl
Thus, we can see that the collection
A= {(X\V)ier|Vi is closed in Ox}
satisfies the axioms of a topology. []
Corollary 2.6. Let (X,0Ox) be a topological space. Then:

1. finite unions of closed sets are closed;
2. arbitrary intersections of closed sets are closed.
Remark 2.7. A map is continuous iff the preimages of closed sets are closed. Thus, if we have a

closed cover, the proof of theorem 2.6. in the lecture works out the same way, except that the

closed cover needs be finite, since arbitrary union of closed sets is not guaranteed to be closed

anymore, as we saw in the above proof.

Proposition 2.8. Let (X,0Ox) be a topological space and let f:Y — X be a set map. Then, the

13



induced topology on'Y by f defined as
O = {f"'(U) CY|U € Ox}

Is a topology on'Y .

Proof. We show that it is a topology by proving that it satisfies all the three axioms.
L X)) ={yeY|fO)eX} =Y, f (@) =2. Thus, we have that ¥, € Oy.

2. Let U,V € Oy. Then, we have: 3A € Ox: f1(A)=U, 3B Ox: f1(B)=V. Thus:
unv=r1AnfYB)=r"1AnB).

But since A,B € Ox and Oy is a topology, we have that ANB € Ox. Denote p:=ANB. This
leads to:
IJpeOx:UNV =f"1p).

Hence, UNV € Oy.

3. Let (Vi)ies € Of. Then, we have : 3(A;)ies € Ox : f~1(A;) =V;. Thus:

Uvi=Ur'@y=r" (Um) :

icl icl icl

But since (A;)ie; € Ox and Ox is a topology, we have that |JA; € Ox. Denote o := |JA;. This
il icl
leads to:

JaeOx: | JVi=f ).

il

Hence, UV; € Oy.
icl

2.2 Embeddings

Proposition 2.9. Let (X,0x) and (Y,Oy) be topological spaces. A map f:(X,0x)— (Y,Oy) is
an embedding iff it induces a map f: X — f(X): f(x) = f(x), which is a homeomorphism, given
f(X) is equipped with the subspace topology of Oy.

Proof. "=" Let f be an embedding. Then f is continuous and injective. Thus f:X — f(X), f(a) :==
f(a) is continuous and bijective. We have to show that f is open, since we know that a continuous
bijective open map is a homeomorphism. Here f(X) has the subspace topology Ox) inherited from
(Y,Oy).

Let V € Ox. Since f is am embedding, O, = Oy, thus:

VeOy < 3ScOy:V=rF1).

14



We now show that f~1(S) = /=1 (SN £(X)). This can be seen from: y € f~1(S) < f(y) €S.

But f(y) € f(X) so ye f1(S) <= f(y) €SNf(X) > f(y) €SNf(X) < ye FHSNfX)).

Hence, we have that:
VeOx <= IScOy:V=F1(SnfX)).

Now, to show f is open, consider the image of V.

FV)=F(FHsnfx) = (Fo ) (SN /(X)) =SNf(X).
But since S € Oy, this is precisely the definition of an open set in the subspace topology Oy x):
IS € Oy : f(V) =SN f(X).

Thus, f maps open sets to open sets, i.e. is open. This shows that £ is a homeomorphism.
"« Conversely, suppose f:X — ¥ is a homeomorphism, where ¥ C Y. Now using lemma B.1, we

can define an injective function:
f:X =Y f(x):= f(x).

Let Ox be a topology on X and U € Ox. We want to show that Ox = Oy. Since f is a homeomorphism,
we have that f(U) is open in Y. This is equivalent to saying:

VeOy: f(U)=VNY.

Thus, we have:

v=rtv)y=ffu) =u,

so all open U € Oy are of the form f‘l(V) for some V € Oy. This shows Ox = Oy, as desired. [

2.3 Products and initial topology

Here we will take a slightly different approach from the lecture, however equivalent.
Definition 2.10. Given a set X and a family (X;)ie; of topological spaces with functions
f,' X =X,

the initial topology © on X is the coarsest topology on X such that all f;: (X,7) — X; are

continuous.

It is nice to define it as such, since one can see special cases arising as examples:
1. subspace topology: if we choose for f; the inclusion map;

2. product topology: if we choose for f; = pr; the projection maps.
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Now let us show that our definition is equivalent to the one given in the lecture:

Proposition 2.11. Let X be any set together with functions f; : X — X; taking values in topological
spaces (X;)icr, and suppose the topology on X is the coarsest topology making all f; continuous.
Then the collection

S:={f'(U)|i € ,U; C X; open}

Is a subbasis for the topology on X.

Proof. For all f; to be continuous, we must have that fl._l(Ui) has to be open in X for each open

U; € X;. These sets define a subbasis
S:={f,"(U:)]i € 1,U; C X; open}

for some topology 7: the open sets in this topology are precisely the unions of finite intersections
of sets of the form fl._l(U,-). However, this is the coarsest topology. To see this, consider any other
topology 7', which contains S (this is the minimality condition needed for f; to be continuous). Then

using the equivalent description of subbasis from Wikipedia:
Sct = tCT.
This shows that 7 is indeed the coarsest such topology. [

Remark 2.12. To see the equivalence from Wikipedia a bit more explicitly, consider the following:
Let S be a subbasis of T. Then B := {finite intersections of elements of S} is a basis for T. Let
7' be another topology, which containts S. Then, by the definition of a topology, ©' contains all
finite intersections of elements of S, that is B € ©'. Since B is a basis for T, we have that every
open set in T is a union of elements in B. Moreover, all unions of elements of B are in ' by the

definition of topology. Thus, we conclude:
Act — Act < 1C17.
Corollary 2.13. A subbasis of the product topology is given by cylinders:

S={pr; |(U))|i € ,U; C X; open}.

Theorem 2.14. Let Z be a topological space and (X;)ic; a family a topological spaces. Equip X
with the product topology. Then, a function f:Z — X is continuous iff each f;: Z — X;, fi :=prio f

is continuous.

Proof. "=" Suppose f is continuous. We know that pr; are continuous from the lecture. Thus,
fi=pr;o f is continuous because the composition of continuous maps is continuous.
""<=" Suppose each f; are continuous. Using the remark from the lecture, which was proven in the

exercises, that a map is continuous iff preimages of elements of a subbasis are open in the domain,
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it is enough to check preimages of cylinder sets. So, suppose V is a cylinder set in X. This can be
written as:
VeSS = V=pr'(U):i€l,U; CX; open.

Checking continuity on the cylinder sets gives:

W)y =" (e NU) = (prio ) WU) = £ ().

However, since U; are open in X; and f; are continuous by assumption, we obtain that f‘l is continuous,

as desired.

[]

2.3.1 Physicist approach: product of two topological spaces

Although we have discussed the infinite product case in the lecture, and have proved above the universal

property for infinite products, let us work out the finite case explicitly aswell, as exercise.

Definition 2.15. Let (X,Ox) and (Y,Oy) be topological spaces. The product of X and Y is the
topological space (X xY,Oxxy), where:

Oxxy := {UPi!Pi € Ox X OY}
il

Is called the product topology on X X Y.

Definition 2.16. Let (X,0Ox) and (Y,Oy) be topological spaces. The set Oxy defined implicitly
by
UeOxyy — VpGUIH(S,T)GOxXOyZSXTQU,pGSXT

Is called the product topology on X X Y.

Remark 2.17. The last part in the definition that p € S x T is crucial, because otherwise literally

any set would be open: for any p we could choose S =T = @.

Proposition 2.18. The definitions 2.15 and 2.16 are equivalent.

Proof. = Accepting the first definition, the open sets U € Oxxy are of the form: U = | B for
P, € Ox x Oy. Now, let p € U. Using the definition of union, this means, that p € P, for so;Te(e el
Moreover, P, CU. But since P; € Ox x Oy, we have that P, =8 x T for some § € Ox and some T € Oy.
But this is exactly what definition 2.16 says. We can do this for any p, since it was arbitrary.

< Accepting the second definition, we have that every element p is contained in some S x T' C U, for
Sopenin X, T open inY. If we take such S x T for every p, we get that U is a union of sets of the

form S x T, as desired. O]

We still have to show that what we defined above indeed is a topological space. To this end, we
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have to verify that Oxxy satisfies the axioms of a topology.

Proof. 1. (a) (9,9) € Oxxy, since:
i. @€ O, since (X,0Ox) is a topological space;
ii. @€ Oy, since (Y,Oy) is a topological space.
(b) X xY € Oxyy, since:
i. X € Oy, since (X,0Ox) is a topological space;

ii. Y € Oy, since (Y,O) is a topological space.

2. Let (Uj)ier be openin X XY, i.e. (Uj)ier € Oxxy. We have to show that U = JU; € Oxxy. To
icl
this end, take p € U. Then, by definition of U, we have that p € U; for some i € I. But we know

that U; for fixed i € I is open, from the assumption. Using the definition of product topology:
U € Oxxy — VpEUiZH(S,T)EOXXOYZSXTgUi,pGSXT.

But since U; C U, we also immediately have that Sx T C U. This shows that U is open in X x Y,

according to definition 2.16.

3. Let U;,U; be openin X xY, i.e. Uy,Up € Oxxy. We have to show that U; NU, is also open in
X xY. Let peU;NU,. This means that p € U; and p € U,. Using that U; is open in X xXY:

VpeU;:3(S,T)€Ox x Oy :SXT CU;,peSxT.
Using that U, is open in X X Y:
VpeUy: (S, T") € Ox x Oy : 8 xT' CUy,pe S xT.
Therefore, we have for all p € Uy NU, the following:

pE(SXT)N(S xT) <= pe(SNS)x(TNT'),

Since Oy is a topology, we know that W is open in X and since Oy is a topology, we know that

Q is open in Y. Therefore, for each p € Uy NU, we have that:
VpeUnNU,:3I(W,0) € Ox xOy :WxQCU NUy,peW xQ,

which proves that Uy NU, is open in X xY according to definition 2.16.
Therefore, we showed that the product topology satisfies all the axioms of a topology, hence

deserves its name. O]

We will need a following proposition to prove the universal property for finite case.
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Proposition 2.19. Let A be a set and t,0 be two different topologies on the same set. If the
identity map (A,06) — (A, T) is a homeomorphism, then ¢ = T as subsets of P(A).

Proof. Let U € 1. Since the identity map is continuous, we have that the preimage of U under the
identity is open in 6. That is, id™!(U) = U € o. Therefore:

Uet = Ue€o. (1)

Moreover, since the identity is a homeomorphism, its inverse is also continuous. Therefore, suppose
U € 0. Then, the preimage under its inverse is again U, which is open in t, since the identity is the
homeomorphism. Therefore:

Uco = Uer. (2)
Using 1,2 we conclude that ¢ = 7. ]

So far, we have established, that we can equip the cartesian product with a topology called the
product topology. Now we come to the point of asking, whether this topology satisfies some universal
property and whether it is unique. It will turn out that the answer is positive. Before that, let us
review something about cartesian products.

Proposition 2.20. Let X,Y,Z be sets. Giving a function f:Z — X xY Is equivalent to the data
of providing a function f1:Z — X and a function f>:Z — Y. In set theoretic terms, there exists
a bijection:

{(fZ-XxY}2{(fi:Z=X,:Z—Y)}

between the set of functions from Z to X XY and the set of pairs of functions fromZ to X and
fromZ toY.

Proof. To prove the claim, we only need to provide the isomorphism between the two sets. To this
end, let us denote:

S1:={f:Z=>XxY},S ={(i:Z—=X,,:Z—>Y)}.

Now, to investigate this a bit, we have to see how we get from S; to S». Suppose we have a function
feSie f:Z—XxY. We can obtain functions f;: Z— X and f,:Z — Y as follows:

fri=priof,fai=pryof.
On the other hand, given f1:Z — X, f, : Z— Y, we can obtain a map f:Z — X xY as follows:
[1Z =X XY, f(2) = (f1(2), /2(2))-
Thus, we have our two candidates:
VS = S, ¥(f) = (priof,praof);
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¢:8 —S,0(f1,2) =1

They do the job, because they are inverses of each other:
(Woo)(fi,/2) =w(o(fi.f2)) = w(f) = (priof,praof) = (fi,2) = wo¢=id

(@ow)(f) = (w(f)) =(priof,prr0f)=9¢(fi,f2) =f = ¢oy=id.
Now, we are ready to ready to state the universal property.

Theorem 2.21. Let (X,0Ox) and (Y,Oy) be topological spaces. Then, there exists a topology
on X xY, such that:

1. The projection maps pr; : X XY — X, pr,: X XY — Y are continuous;

2. For any topological space (Z,0z) and for any pair of functions f,:Z —X,f,:Z—Y, a

function f : Z — X x Y is continuous if and only if fi, f» are.

This can be expressed also as follows: Let be the product space X together with the canonical
projections. Then if Z is a topological space and for every i €1, f;: Z — X; Is a continuous map,
then there exists precisely one continuous map f:Z — X such that for each i € I the following

diagram commutes:

X

/ pri
—

i

VA

The fact that this diagram commutes means that f; = pr;o f. In particular, f; are continuous iff

fis.

Proof. To show that there exists a topology on X x Y, which fulflls the theorem, it is enough to give
one. We proved that the product topology is a topology. We now show that it satisfies the properties

given Iin the theorem.

1. pry is continuous, since for any open subset U € Oy, we have that:
pry'(U)=U x Y.

Since we assumed that U € Ox and since Y € Oy, because Oy is a topology, we have that
U xY € Oxxy, as desired. Similarly, pr, is continuous, since for any open subset V € Oy, we

have that:
prz_l(V) =XxV.

As Oy is a topology, X € Ox and V € Oy. Therefore, X xV € Ox«y as desired. This shows that
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both pr; and pr, are continuous.

=" Suppose f is continuous. Then, for every open set W € Ox«y, we have that the preimage
f*I(W) is an open set of Z. We want to show that f; and f> are both continuous, that is, for
every open set U € Oy and V € Oy, the sets f;'(U) and f,' (V) are open subsets of Z. To this
end, let U € Ox and V € Oy arbitrary. We look at their preimages under fi, f>:

O =(rio ) U) = (fop ) W)= ((pr) U) = (UXY).  (3)

V)= (o )T (V)= (fop Y (V) = () (V) =X x V). (4)

Both U xY and X x V are open in the product topology, as we have argued above. Since f is
continuous, the right hand sides of 3, 4 are open, because the preimage of every open set in the
target is open in the domain. Then, by equating the left hand side with the right hand side, we
get that f;'(U) and f,'(V) are open in Z. That is, both f; and f» are continuous, as desired.
"<<" Suppose both f; and f, are continuous. We want to show that f is also continuous. For
all open sets U € Ox,V € Oy, we have fl_l(U) € (’)Z,fz_l(V) € Oz by continuity. Once again,

we have:
N U) = (priof)” 1U) = (fopr ) @) =5 ((pry 1) (V) = £~ (U xY). (5)

V)=o) (V)= (Fopn Y (V)= ((prs") (V) =1 X x V).  (6)

The left hand side of both 5 6 are open, by assumption, thus, by equality, the right hand side is

open too. By taking the intersection, we get:

FONL V) = Ux)NfH X = V) = fFHUxY)N (X xV)) = f7H{UxV).

On the left hand side, we have the intersection of two open sets, which, by the definition of
topology, is open. On the right hand side, we have the preimage of U x V under f. U xV is an
element in the basis B, which generates the product topology and by the equality, f~1(U x V) is
open. This show that the preimage of every basis elment of X x Y is open.

Now, consider an arbitrary open subset W € Oxxy. Since U xV is a basis for the product

topology, W can be written as a union of basis elements, that is:

w =i x V).
icl
Consider the preimage of W under f:
iw)y=¢" (Uva) Ur ' xwy). (7)
icl i€l

Now, the right hand side of 7 is an arbitrary union of open sets, since we showed that f~1(U; x V;)

are open. An arbitrary union of open sets is open, which shows that the right hand side is open.

21



By equality, the left hand side is open aswell. Therefore, the preimage of every open set W in

X xY is open in Z, which concludes the continuity of f.
[

This shows, that the product topology satisfies the universal property. Now, we come to uniqueness.

Theorem 2.22. LetZ=XxY. Let T} = (X xY,T1) and T, = (X x Y, T,) be topological spaces
satisfying the universal property. Then T = T;.

Before turning to the proof, the above theorem simply means that, if a topology, which satisfies
the universal property exists, then it is unique.

Proof. Assume that Tj satisfies the universal property and take Z=T,. Then, we have that f; : X xY —
X, fo: X XY — Y with respect to 7, and Oy, Oy are continuous iff f: X xY — X xY is continuous with
respect to 7,,7;. But at the same time, we know that 75 satisfies the universal property. In particular,
this means, by the first part of the universal property that fi : X xY =X and f,: X XY — Y are
continuous, with respect to 75,0x,Oy. Thus, we can conclude that f: X xY — X xY is continuous,
with respect to 7,,7;.

Now, use the universal property for T, and take Z=T;. Then, we have that fi : X XY =X, f,: X XY =Y
are continuous with respect to 7;,0x,Oy iff f: X xY — X xY is continuous with respect to 7;,7>.
But since T satisfies the universal property, we know that fi, f> are continuous. Therefore, f is
continuous. Therefore, we have a homeomorphism between 71 = (X x Y, 7;) and T» = (X x Y, T2),
namely the identity map.

Using proposition 2.19, we conclude that 77 = 7>. ]

Therefore, we have seen that the product topology satisfies the universal property, and we have
also seen that it is the unique topology, which satisfies it. Therefore, we are arrive at a third,but

equivalent definition of the product topology in terms of the universal property.

Definition 2.23. Let (X,0x) and (Y,Oy) be topological spaces. The product topology Ox xy
on X XY Is the unique topology, such that:

1. The projection maps pry : X XY — X, prp,: X XY — Y are continuous;

2. For any topological space (Z,0z) and for any pair of functions fi:Z —X,f,:Z—Y, a
function f:Z — X x Y Is continuous if and only If fi, f» are.

2.4 Quotient spaces

Proposition 2.24. Let (X,0x) be a topological space and let ~ be an equivalence relation,
together with the canonical projection p: X — X/ ~, x+ [x|~. Then, the set

O:={UCX/~|p”'(U) € Ox}
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is a topology on X/ ~.

Proof. We have to verify the three axioms of a topology:
1. €0, since p~ (@) = € Ox. Similarly, X/ ~€ O, since p~}(X/ ~) =X € Ox.

2. Let Uj,U, € O. Then p~1(Uy) € Ox and p~!(U,) € Ox. But we also know that:
p L (U)Np H(U) = p HUIND,).

The LHS is open in Oy, since Ox is a topology: the intersection of finitely many open sets is

still open. Thus, by equality, the RHS is open aswell. This shows that UNU; € O.

3. Let (Uy)ier € O. Then p~1(U;) € OxVi € 1. But we also know that:

U= (Uu).
iel iel
Since the LHS is an arbitrary union of open sets in (X,Ox), it is open. By equality, so is the
RHS. Hence, |J U; is open in O, as desired.

icl

]

Proposition 2.25. The quotient topology O is the finest topology that makes the canonical

projection p : X — X/ ~ continuous.

Proof. Suppose that O is any topology on X/ ~, which makes the projection p: X — X/ ~ continuous.
Let U € O'. Then, by continuity of p, we must have that p~!(U) € Ox. However, by the definition of
the quotient topology, we must also have that U € O@. Hence, @' C O. This shows, that any topology
making the canonical projection p continuous is a subset of the quotient topology. Clearly, the quotient
topology makes the canonical projection continuous, so it is the finest one, that does it. []

Remark 2.26. It is crucial that we say that it makes the canonical projection continuous. The
finest topology on X/ ~ is the discrete topology. However, this need not make the projection
continuous. Note that only if the domain is equipped with the discrete topology, then it makes

all maps continuous. This need not be the case for us.

Proposition 2.27. Any closed surjection f: X — Y is a quotient map.

Proof. "=" Clear by continuity: if V € Oy, then f’l(V) € Oy, since f is continuous.
""" et VCY:f (V)€ Ox. Then, we have that X\ f~!(V) is closed in Ox. Since f is closed, we
have that £(X\ f~!(V)) is closed in Oy. But we also know that f is surjective. This implies:

foflA)=AvACY.
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We apply this to A =V to obtain:

Y\V=F'r\v))=rx\r vy,

where in the last equality we used proposition B.2, which says that preimage of the complement is the
complement of the preimage. Hence, we have that:

SENSTHV) =7\,
which is closed in Oy. Thus, as desired, V € Oy. ]

Proposition 2.28. If a continuous map f : X — Y between two topological spaces (X,Ox), (Y, Oy)
admits local sections, that is: Vy €Y : 3Vy:y € Vy,Vy € Oy and s, : Vy — X @ fosy =idy,, then it

Is a quotient map.

Proof. Clearly, if we have local sections, we can form an open cover of Y from the collection of open

sets from the local sections, as |J V, CY, because ycV, = y €Y. Conversely, suppose y € Y. Then,
yeyY
there exists some V), so that y € V;,. We conclude: Y = (J V}. The map f is clearly surjective. We
yey
have to check:

VyeY:IxeX: f(x)=y.

This holds, as, foreachyeY, we can find V, € Oy :y € V.. Then, y=(fosy)(y) = f(sy(y)). So, by setting
sy(y) =x, we can find for ally e Yx € X : y = f(x). We now have to show that f~}(U) € Ox <= U € Oy

for f to be a quotient map. The converse direction <« is clear:
UecOy = f1(U)e Oy, by continuity.
Let's prove now the direction =. Denote:
w:=f1(U) € Ox.
We now want to show that given W € Oy, it implies that U € Oy. This would immediately be true if

U= U s;l(W), as we know by continuity of sy that sy’l(W) € Oy given W € Ox. Moreover, union of
yeyY

open sets in Oy is open. Hence, to conclude the proof, we show that U = | s;l(W). To see this:
yey

Z€ US;I(W) = EIyEY:zEs;I(W) — FJyeY:zeVyAs(z) eW=f1(U)
yey

— FyeY:zeVAf(sy(z)) €U < TyeY:zeVyAzeU < zeU.

We thus have showed that f:X — Y is a continuous, surjective map, such that f~1(U) € Oy <=
UeOy. ]
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2.4.1 Universal property of topological quotients

We now show that the quotient topology satisfies the universal property of a quotient.

Theorem 2.29. Let (X,0x) be a topological space and let ~ be an equivalence relation. Equip
the quotient space with the quotient topology ©O. Moreover, we define the canonical projection
p:(X,0x) — (X/ ~,0). Then, it holds that:

1. The fibers of p are equivalence classes of ~, p is surjective.
2. p Is continuous.

3. Let (Y,Oy) be a topological space and f: (X,0x) — (Y,Oy) be a map, which is constant
on equivalence classes of ~, i.e. a~b = f(a)= f(b). Then, there exists an induced
map f:(X/~,0)— (Y,0Oy), f= fop. Moreover, f is continuous iff f is.

4. The quotient topology O is the unique topology on X/ ~, which satisfies 2,3.
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Proof. 1. This was proven in theorem D.9.

2. This follows from X/ ~ being equipped with the quotient topology, i.e.:
O={UcX/~|p~'(U) € Ox}.
Hence, clearly if we pick U € O, we have p~!(U) € Ox, which shows continuity.
3. In theorem D.9 it was shown, that f exists and is given by:
[iX)~=Y, f(I]) = f(x).
On the topological level, this is:
Fi(X/ ~,0) = (¥,0r), F(i¥) = f(x).

We now prove that f is continuous iff f is:

""" Suppose f is continuous. Then f = fop. Using that p is continuous, as was proven, we
have that f is a composition of continuous maps, hence continuous.

"&": Suppose f is continuous. f is continuous iff VU € Oy : f1(U) € O. Let U € Oy be
arbitrary. By the definition of the quotient topology O we have:

FlU)e 0 < p ' (F1(U)) € Ox.

Moreover, using that fop = f leads to:

By continuity of f, we can conclude that f~!(U) € Oy, as desired.

4. Suppose there is another topology O’ on X/ ~, which satisfies 2,3. Because the projection has

to be continuous according to 2, we have:
p:(X,0x) = (X/~,0) continuous <= YA€ O :p }(A) € Ox.

Clearly, by definition of the quotient topology O, we must have that A € O, as p~'(A) € Ox.
This shows that @' C ©. On the other hand, @ has to fulfill 3 too. Since this holds for any
topological space (Y,Oy), it works in particular for (X/ ~,0). We then have:

X/ ~0) = (X)~,0).

Then, we have that f: (X,0x) — (X,0) is continuous iff fis. But we know that f is continuous,

as the quotient topology makes f continuous. Thus f is continuous. That is:

A0 = A€, ie. OCO.
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We showed that © C @’ and O’ C O, thus O = @', which finishes the proof.
H

Corollary 2.30. By theorem D.9 f is unique on the set theoretic level. After having shown that
the quotient topology is the unique topology, which satisfies the above universal property, we

can conclude that f in point 3 not only exists, but is unique.

3 Handout3

3.1 The notion of connectedness

In this subsection the proof of the first proposition is not complete: the converse part is missing, as

discussed in the Question session, thus let us reprove this.

Proposition 3.1. A topological space X is connected iff it is not a direct sum of two nonempty
spaces X = Xo+X;.

Proof. We will use here contrapositivity:
"=" connected = X #Xp+X| < X =Xo+X; = connected. To this end, let us assume
X =Xp+X;. Then X carries the final topology:

UCXeOx <= (UNXypeOx,)NUNX; € Ox,).
Now letting U = Xy and U = X; respectively:
(X1NX; =X, € O0x,) N XoNXo=Xp € Ap).
Thus Xy and X; are open in X. But since X = Xy + X;, we have that:
X\ Xo=X;; X\X| =Xo.

Thus both Xy and X are clopen, which implies that X is not connected.

"<" X #£ Xo+X; = connected <= not connected = X =X+ X;. To this end, assume X is
not connected. Then, there exists an open set, which is both open and closed, and is different from
the empty set and the whole set. Call this set X;. Since Xy is closed, its complement, call it Xj, is
open. But at the same time X \ X; = X \ X \ Xo = Xo, hence X; is also closed. So we have that both
Xo and Xj are clopen. Thus, X = Xp+ X;. To see this last step, consider:

1. If U is open in X and X;,X; C X, then by the definition of subspace topology, we have that
UnNX; € Ox, and UNX; € Oy, by the definition of subspace topology.

2. Conversely, if U is a subset of X and X;,X, are open in X such that their union is X, then: UNX;
and U N X, are open in the subspace topologies of X; and X,. By opennes of X; and X; in X,
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both intersections U NX; and UNX, are open in X, so the union of these both intersections is

also open in X. But this union is again U, because X;UX, =X. So U is open in X.
This shows that U is open in X iff U is open in X; and U is open in X;, but this precisely means that
X = X; + X, carries the final topology, as desired. []
3.2 Intervals

Proposition 3.2. Let f: X — Y be a continuous function and X be connected. Thenim(f)= f(X)
Is connected.

Proof. We will prove this by contrapositive: we will show that if f(X) is not connected, then X is not
connected either.

Suppose im(f) is not connected. Then it can be written as the union of two non-empty, disjoint open

sets:
f(X)=0,U0,, 01,0, € Oy.

Since the map in general is not surjective, we have that f(X) CY). Thus, f(X) carries the subspace
topology. Hence:
dU,,U; € Of(X) 101 =f(X)NUy; 0, = f(X)NUs,.

Since Uy, U, CY, we have that f~1(Uy), ' (U,) C X. this implies that:
FUEnu) =xn 1) =710 SHFX)NU) =X0f7H ) = £ ().

Hence, we conclude:
fH) =71 0); () = £71(00).

By continuity of f, f~1(0y),f~1(0,) are disjoint open sets in X, which are non-empty and
T onur (0. =x.
This shows that X is not connected, as desired. ]

Corollary 3.3. Connectedness is preserved under homeomorphisms. Hence, it is a topological

property, which will be formally introduced in the next chapter.

Proposition 3.4. Let (X,0x) be a connected topological space and Y C X be a subspace
equipped with the subspace topology

Oy = {YﬂU|U E Ox}

Then (Y,Oy) need not be connected.

Proof. It is enough to find an example, where the subspace is not connected. To this end, let our
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space be:
X :={-1,0,1}.

We equip it with the following topology:

Ox = {@,{—1},{1},{~1,1},{—1,0,1}}.

Then the closed sets are:
{_17071}7{071}7{_170}7{0}7@‘

Clearly, the only clopen sets are X, &, hence (X,Ox) is connected. Consider the subset Y :={—1,1}.
If we equip it with the subspace topology, we get:

Oy = {Qa{_l}v{l}v{_Ll}}?

l.e. it is the discrete topology. In particular, {—1},{1} are both open and closed in Oy, hence (¥,Oy)

is not connected. ]

3.3 Connected components

Definition 3.5. Let x,y be two points in a topological space (X,Ox). They are called equivalent
If there exists a connected subset AC X :x €A,y € A.

Lemma 3.6. Being equivalent is an equivalence relation on any topological space (X,Ox)

Proof. We have to check that it is symmetric,reflexive, transitive:

1. symmetric: Vx,ye X :x~y = y~x. Thisis clear, since x ~y = dA connected: x € A,y € A.
But if x€A and y € A, then aswell y e A,x € A, thus y ~ x.

2. reflexive: Vx € X : x ~ x. This holds, since A = {x} is connected, as it is a singleton.

3. transitive: Vx,y,z€ X :x~yand y~z = x~z. Suppose x ~y and y ~ z. We then have two
connected sets:
JACX:xeA,yeA, and 3BCX:yeB,z€B.

Since the intersection AN B is non-empty, using the theorem from the lecture, we can conclude
that AUB is connected. But AUB contains both x and z, hence x ~ z, as desired.

[]

Remark 3.7. The statement "being equivalent is an equivalence relation" is said in the lecture
otherwise, namely: "two points lie in the same connected component if and only if both are
contained in some connected set". This basically defines an equivalence relation, as we stated

above.
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Corollary 3.8. Any topological space (X,Ox) can be partitioned into connnected components.
This follows from the fundamental theorem on equivalence relations, treated in the appendix.
Namely, the quotient set, whose elements are equivalence classes (connected components in our

case) form a partition of X.

The above theorem lets us define connected components as equivalence classes of points.

Definition 3.9. Let (X,Ox) be a topological space. We call the equivalence classes of points on

X connected components.

Proposition 3.10. Connected components of a topological space (X,Ox) are closed.

Proof. Let H be a connected component of X. Clearly, H is connected. By the theorem from the
lecture that closures of connected sets are connected, we have that H is connected. Moreover, by the
definition of closure

HCH.

And since H is the maximal connected set, it follows that H = H, that is, H is closed. []
Proposition 3.11. Connected components of a topological space (X,Ox) are connected.
Proof. Let y be an element of the equivalence class of x, which is denoted by [x]. This implies:
JA connected:x €A,y € A.

We now show that A is actually the union of all connected subsets, which contain x. Clearly, A is a
subset of the union, because it is a connected subset, which contains x. Conversely, let y be in the
union of all connected subsets, which contains x. Then y is in some connected subset, which contains
both x and y. Hence, y is in the equivalence class of [x]. We thus have:

[x] = UUia

where U; are the connected subsets containing x. We now apply the lemma from the lecture, that

union of intersecting connected sets is connected. We obtain:
[x] is connected.

Hence, the equivalence classes, which are the connected components, are connected, as desired. [

Corollary 3.12. The connected components are in fact the maximal connected subsets of X

containing x.

Proof. Recall that a C C X is a maximal connected subset if it is connected and ifD C C, then D is
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not connected.
Now, proceed by contradiction. Suppose [x] is not maximal. Then, there exists D C X, that is strictly

larger than [x], which is connected and contains x. But we showed that:
[x] = UUi.
i

Hence, D is some U;. But this is a contradiction, because this shows that D is not strictly larger than
[x]. ]

Remark 3.13. Note that some textbooks define connected components of x as maximal connected

subsets containing x. We have just showed that our definition is equivalent to this formulation.

3.4 Quasi Components

This subchapter is inspired by exercise 10 from Munkres' chapter on connectedness.

Definition 3.14. Let (X,0Ox) be a topological space. We say x and y are quasi-equivalent,i.e.
x ~y if there doesn’t exist a seperation X = AUB of X into two disjoint open sets x € A,y € B.

Remark 3.15. This is the same the definition we gave in the lecture. However, we want to show
something stronger, namely that quasi-components are equivalence classes of points, which are

quasi-equivalent.

Proposition 3.16. Being quasi-equivalent is an equivalence relation on any topological space
(X,0x).

Proof. We check the axioms of an equivalence relation:

1. Reflexive: Vx € X : x ~ x. This holds, since there is no separation X = AUB into disjoint open
sets, such that x € A,x € B. Clearly, this can not happen, because if x € A,x € B, then A,B can't
be disjoint.

2. Symmetric: Vx,y € X :x~y = y~x. Suppose x ~y. Then there is no separation X = AUB,
such that x € A,y € B, A,B are open and disjoint. However, since the union is symmetric, we

have that there isn't a separation X = BUA either. Thus, as desired, y ~ x.

3. Transitive: Vx,y,z€ X :x~y,y~z = x~z. Suppose x ~y,y~z. Then, there is no separation
X =AUB and there is no separation X =CUD, such that x€a,ye B,ye C,z€ D. We prove
that x ~ z by contradiction. Suppose there is a separation X = EUF,x € E,z € F, such that E,F
are open and disjoint. This means, that , since y € X, in particular, that eitherye F or ye€ E.
We check first the case y € F. Since we know that x € E, then we found a separation of y and x.
This contradicts that x ~y. Similarly, if y € E, then we have a contradiction with y ~z. Thus,

as desired. x ~ z.
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Corollary 3.17. We can define quasi-components, which are equivalence classes under ~.

3.5 Paths and Path connectedness

Definition 3.18. Let (X,Ox) be a topological space and x,y € X. The points x,y are said to be
path equivalent, if there exists a continuous path y: [a,b] — X : y(a) =x, y(b) =y.

Remark 3.19. /t is obvious, but let us mention that in the above definition continuity is meant

with respect to the subspace topology on [a,b] obtained from R.

Lemma 3.20. Let (X,0x),(Y,Oy) be topological spaces and let y €Y be a point. Then the

constant map:
H:X—=Y, fy(x) =Yy

Is continuous.

Proof. By definition, we have that x € X = f,(x) =y. We thus have:

and foranyzeY:z#y

Now take an open set U containing y. Then:

Hence, the preimage of every open set is either the empty set or the whole set. Clearly, this implies

that the constant map is continuous. ]

Lemma 3.21. Path equivalence is an equivalence relation on any topological space (X,Ox).

Proof. We have to verify that it is reflexive, symmetric, transitive:

1. reflexive: Vx € X : x ~x. Take the constant path y:[0,1] = X, y(A) =x VA € [0,1], which is

continuous by which is continuous by lemma 3.20.

2. symmetric: Vx,y € X :x~y = y~x. Suppose x ~y. Then, there exists a path

y:[0,1] = X : y(0) =x,y(1) = y.
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Now consider the map
8" [Oa 1] - [071]7 g(l) =1 _2'7

which is clearly continuous. Thus, we have a new path:

p:[0,1] =X, p(A) :=(rog)(A) =y(g(A)) = y(1-A),

which is a path, since composition of continuous maps is continuous. Moreover, we have that:

p(0)=y(1-0)=vy(1) =y
and
p(1) =y(1-1)=7(0) =x.
We thus found a path connecting y to x, namely p = yog. This shows that x~y =— y ~

x Vx,y € X, as x,y were arbitrary.

. transitive: Vx,y,z€ X :x~yand y~z = x~z Thisis a bit trickier. Assume x~y and y~ z.
We then have two paths:

[0, =X:f(0)=x, f(1)=y
and

g:10,1] = X:2(0)=y, g(1)=z.
We now want to find a path from x to z. We claim the following does the job:
f@A)  faefog],

h:[0,1] =X, h(1) =
g2A—1) ifael[d1].

To see this, first let's understand why it's well-defined. On [0,%] N [3,1] = {3} we have:
1
f 25 =f(1)=y

g(zg—l) —g(1—1) = g(0) =,

Hence, as desired h is well-defined. Moreover, if A € [O,%}, then the restriction of h to this

interval reads:

oy [0.5] X Hloy(2) = roRD)

where k: [0,1] — [0,1], k(A1) =24, which is clearly continuous. Thus, the restriction of h to
[O,%] is continuous aswell, using continuity of f and that composition of continuous maps is

continuous. Similarly, if A € [3,1], we have:

h|[l 1] . |:%,1:| —X, h|[%71](l):(f01>(l),
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where 1: [$,1] = [4,1], (1) =24 — 1, which is clearly continuous. Thus, h|[%.1] is continuous.
We finally conclude that A is continuous, thus it is a path. It is left to see that it is a path from
x to z. Clearly:

h(0) = £(0) =x, h(1)=g(2—1)=g(l) ==

Thus, as desired, we found a path connecting x to z, namely A. This shows that x ~y and
y ~Z > X v Z.

The above proof lets us introduce new terminology.

1. We call the path-equivalence classes of points the path- components of X.

2. We denote by my(X) the set of path components of X.

Remark 3.22. As we have seen, the elements of the set my(X) are equivalence classes under the

equivalence relation of being path-equivalent.

Proposition 3.23. Path components of a topological space (X,Ox) are path connected.

Proof. Let [x] be a path component and let y,z € [x]. By definition, we have, that there exists a path
from y to x and a path from z to x, or more formally:

Yy~X, 2~ X,

Since ~ is an equivalence relation, in particular, it is symmetric:

Thus, we obtain:

y~X, Xz

By transitivity, this shows that y ~ z. Since y,z were arbitrary, this finishes the proof. [

Proposition 3.24. Let (X,0x),(Y,Oy) be topoloigcal spaces and f: (X,0x) — (Y,Oy) be a
homeomorphism. If (X,Ox) is path-connected, then so is (Y,Oy).

Proof. We have to show that (¥,Oy) is path-connected. To this end, let yp,y; € Y. We must find a
path, which connects them. As f is a homeomorphism, it is in particular surjective. Therefore, we can

find xo,x1 € X, such that f(xo) = yo, f(x1) = y1. Moreover, as (X,Ox) is path-connected, there exists
a path in X connection xg,xy:

7:[0,1] = X 1 7(0) =x0, ¥(1) =x.
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As f is continuous, so will be its composition with 7. At the same time:

foy:[0,1] =Y, (fo7)(0) = f(¥(0)) = f(x0) =yo, (for)(1)=f(¥(1))=f(x1)=y1.
We thus see that foyis a path in (Y,Oy) connecting yo and yj, as desired. [

Corollary 3.25. Let (X,0x),(Y,Oy) be topological spaces and f: (X,0x) — (Y,Oy) be a

homeomorphism between them. X is path-connected iff Y is.
I Corollary 3.26. Being path-connected is a topological property.

| Proposition 3.27. Path-connectedness is not hereditary.

Proof. Consider X =R equipped with the standard topology. Then, clearly, it is path-connected, as
for any a,b € R, the path
y:[0,1] = R, y(t) :=a(l —1)+bt

is continuous and connects a,b, since ¥(0) =a,y(1) = b. However, the subset [0,1]U[2,3] equipped
with the subspace topology is not path-connected. ]

3.6 Functoriality of path components

Theorem 3.28. A continuous map f:X — Y induces a well-defined set map f : my(X) —
mo(Y), f([x]x) := [f(x)]y between the path components of X and Y. Moreover, ifg:Y — Z is

another continuous map, then:

—

1. gof=gof,

2. idy = idgyx)-

Proof. Let f:X — Y be a continuous map and x; ~x x,, that is: there exists a path y:[0,1] — X,
such that y(0) = x;,y(1) =x2. We now have to show that f(x;) ~y f(x2), which means that the set
map f on equivalence classes is well-defined. Clearly, this holds, since there is such a path, namely:

p: [071]_>Y7 p(o):f(x1)7 p(l):f(XZ):

or in other words p = foyis a path in Y, which connects f(x;) and f(x;). This is continuous, as y
and f are continuous, and composition of continuous maps is continuous. Moreover, if g:Y — Z is
another continuous map, it induces a well-defined set map g: my(Y) — m(Z) in the same fashion as
above. We are now ready to apply lemma D.8. Using this, we immediately get that gof:g/c;}. We

also have that:
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which completes the proof.

Remark 3.29. The above theorem can be stated in the language of category theory: consider
the category Top, where the objects are topological spaces, the morphisms are continuous maps
and the category Set, where the objects are sets and the morphisms are set maps. Then my being
a functor means:

o : Top — Set

such that the objects are mapped as
X — 71'0(X)

and the morphisms are mapped as:
f:X =Y m(f): mX)— m(Y).
And moreover, this mapping satisfies:

1. mo(gof) =mo(g)omo(f);

2. ﬂo(idTop) = idse,.

Remark 3.30. The same can be said for connected components. To see this, we only have
to check that a continuous map f: X — Y induces a well-defined set map f: X/ ~x—Y/ ~y,

where the equivalence relation is being equivalent. To this end, suppose x| ~ x», that Is:
JACX :x1 €A,xp €A, A connected.
We now have to show that f(x;) ~ f(xz), that is:
dBCY: f(x1) € B, f(x2) € B; B connected

This clearly holds, since we can take B= f(A) and use that the image of a connected set under

a continuous map is connected.

Remark 3.31. This is often overlooked, as it is not useful in practice, but functoriality holds
for quasi components too. Suppose x; and x, are quasi-equivalent x; ~ xp, that is, there does
not exist a separation X = AUB, such that A,B are disjoint open sets and x; € A,x; € B. Now
suppose f: X — Y is a continuous map. We have to show that there does not exist a separation
Y =CUD, such that C,D are disjoint open sets inY and f(x;) € C, f(xy) € D. Let's prove this
by contrapositive, namely: f(x) %y f(x2) = x1 % xp. To this end, suppose there exists such a

separation, that is:

AC,DCY:Y=CUD,f(x1) €C,f(xp) €D, C,D open, disjoint.
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If this were true, this would contradict the fact that x| ~ x, since by continuity f~(C),f~'(D)
are open, and preimage of disjoint sets are disjoint. Hence, we would get a separation of
X =1 (C)ufY(D), such that x; € C,x; € D, where C,D are disjoint.

Proposition 3.32. Let f:X — Y be a continuous, surjective map. Then my(f) is surjective.

Proof. Recall that my(f) : mo(X) — mo(Y). We now show that for every [yly € mo(Y) there exists
[x]x € mo(X) : mo(f)([x]x) = [y]y. First, by f being continuous, we know that my(f) is well defined by

lemma D.8. Moreover, since f Is surjective, we have:
VyeY:IxeX: f(x)=y.

Then, we have by the definition of my(f):

Thus, given for all y € Y there exists x € X : f(x) =y, we have that for all [y]y € my(Y) there exists
[x]x € mp(X), such that my(f)([x]x) = [y]y, that is, m(f) is surjective. ]

3.7 Locally path connectedness as topological property

Proposition 3.33. Let (X,0x),(Y,Oy) be topological spaces and f: (X,0x) — (Y,Oy) be a
homeomorphism. If (X,Ox) is locally path-connected, then so is (Y,Oy).

Proof. As (X,0Ox) is locally path-connected:
VxeX:3U, € Ox :x €U, :Vy,z€ U, :3y:[0,1] = Uy continuous: y(0)=y,y(1)=z.

As f is a homeomorphism, it is in particular an open map. Hence, it maps the open set Uy, which
contains x into an open set f(Uy) in Oy, which contains f(x). Moreover, f is continuous and bijective,
hence if we consider (f o), this is a path in ¥ which connects f(y) to f(z). ]

Corollary 3.34. Being locally-path connected is a topological property.
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4 Problem sheet 3

4.1 Basic Operations And Connectedness
Let A, B be subsets of a topological space (X,Ox). Prove or disprove each of the following statements:
1. If A is connected, then so is its interior A°.
2. If A® is connected, then so is A.
3. If A is connected, then so is its closure A.
4. If A is connected, then so is its boundary JdA.
5. If dA is connected, then so is A.
6. If A is connected, then so is A.
7. If A,B are connected, then so is their intersection ANB.
8. If A,B are connected, then so is their union AUB.

Solution 4.1.

1. This is false. Let X = {a,b,c,d} and Ox :={X,2,{a},{b},{a,b},{a,b,d}}. Let A:={a,b,c}.
Then A is connected, but the interior of A is

A° ={a,b}, which is disconnected, because a is clopen.

2. This is false. we consider X =R and A = QU (—e0,0). Then A° = (—o0,0) is an open interval,
hence connected. But A = (AN (—e0, ) U(AN(m,0)), which is disconnected.

3. This is true, the theorem was proven in the lecture.

4. This is false. Let X =R and A=0,1]. Then A is connected, since it is a closed interval, which
is connected. But the boundary dA = {0} U {1}, which is disconnected.

5. Let Let X =R and let A=R\ {0}. Then dA = {0}, which is connected, as it is a singleton. But

A is not connected, since (0,00) is clopen in R\ {0}.

6. Let X =R and let A=R\ {0}. Then A =R, which is connected. But (0,e0) is clopen in R\ {0},
hence A is disconnected.

7. This is false. Consider X =R? and A = {(x,y)|x* +y*> =1}, B= {(x,y)|(x—1)*>+y* = 1}. Since
A is the unit circle and B is the circle of radius 1 around (1,0), they are both connected. Their
intersection is ANB = {(%,4v3),(3,—3V3) } is disconnected, since the subset {(3,3V3)} is

clopen.

8. This is false. Let X =R and A =[—1,1],B =[5, 6] respectively. Because A and B are intervals,
they are connected. But AUB = [—1,1]U|[5,6] is disconnected.
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4.2 The circle
We define the circle as the set

S':={zeC|lzl=1} cC=RxR

of unit complex numbers with subspace topology.
1. Show that S! fits into the pushout square

{0,1} —— [0,1]

L

{*} — st
2. Show that the following spaces are not pairwise homeomorphic:

(a) the circle S';
(b) the interval [0,1];
(c) the square [0,1] x [0, 1].

Solution 4.2.

1. First, recall what it means to be a pushout square:

—
Wwhere g:A—Y, g:Y —-Z p:A—X,f:X — Z are continuous maps, which

P/ >
N — <

|

satisfy fop=gog.

In our case, we have:

(a) A:={0,1}, Y :=[0,1], X := {»}, Z:=S";

(b) g:=i1:{0,1} = [0,1]:i1(0):=0, i1(1):=1; fr=ir: {x} = Sl ir(x):=1;

(c) p:{0,1} = {x}:p(0) :=5,p(1) :=x%; g:=e:[0,1] = S',e(t) := ™.
We now have to check that the things we defined indeed form a pushout square. To this end,
we check continuity of each map:

(a) iy is clearly continuous, as {0,1} is a discrete space.

(b) iy is clearly continuous, as {x} is a discrete space.

(c) pis clearly continuous, as {0,1} is a discrete space.

(d) e is clearly continuous, as it is the exponential function.
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Moreover, we have:
(20p)(0) =i2(p(0)) =iz(x) =1, (2op)(1) =ir(p(1)) =ir(x) = 1.

(g0i1)(0) = (i1(0)) = 5(0) = 2™ = 1, (goir)(1) = g(ix(1)) = g(1) = ™ = 1.

Which shows that i, 0o p = goij, as desisred, i.e. the diagram commutes. Finally, this means this
is a pushout square. We now have to show the universal property: Given another topological
space Z and continuous maps h: {x} — Z,k:[0,1] — Z such that hop = koij, there exists a
unique m: S' — Z such that moi, =h and moe =k, i.e. the pushout square commutes. Since
the exponential map is surjective, m is uniquely defined by the equation m(e?™) = k(t). Clearly,

m is well-defined, since:
m(e”) = g(0) = koi1(0) = (hop)(0) = h(p(0)) = h(x) = (ko p)(1) = (koi1)(1) = k(1) = m(e*™).
We can also see that:
(moir) () = m(e®) =m(1) = h(x) = moi,=h.
Moreover, by definition of m, we have:
(moe)(1) =mle(r)) = m(e*™) =k(t) = moe=k.

Hence, m is a well-defined set map, which satisfies the properties it should. We now have to show
it is continuous. Since [0, 1] is compact and S is a Hausdorff space, e is a closed map. Now, let
A C Z be closed. Then k~!(A) is closed in [0,1] by continuity of k and hence m~!(A) = e(k"'(A))
is closed. Thus, m is continuous, which proves that S! together with e, i, satisfies the universal

property of a pushout given the space {0, 1},{*},[0,1] and maps iy, p.

2. (a) We do the proof by contradiction. Suppose there is a homeomorphism & : [0,1] — S'. Then
(ST {n (%)}) is connected, as it is the image of a connected set under a continuous

map. But we also know that:

(b

which is disconnected. Hence there can not exist a homeomorphism between [0,1] and S!.

(b) We do the proof by contradiction. Suppose there is a homeomorphism f: [0, 1] — [0, 1] x [0, 1].
Then £71(0,1] x [0,1]\ £ (3)) is connected, as it is the image of a connected set under a

continuous map. On the other hand:

! ([0, 1] % [0,1]\ f (%)) = {0,%) U (% 1}

is disconnected, which gives a contradiction.
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(c) Suppose there is a homeomorphism g: S' — [0,1] x [0,1]. Then g='([0,1] x [0,1]\ g(—1,1))

is connected, as image of a connected set under a continuous map. However:
g 1([0,1] x [0,1]\ g(—=1,1)) =S'NR x (0,00) US' NR x (—o0,0),

Is disconnected, which gives a contradiction.

4.3 Connected products

Show that for a family (X;)ic; of non-empty topological spaces the product []X; is connected if and
i€l
only if all X; are connected.

Solution 4.3.

"<": Suppose HX,- is connected. We now need the axiom of choice to proceed, as if we would
not assume it, the lpgrloduct could be empty, even if all of X; are non-empty and not even connected.
That would be a huge problem, as we could obtain a connected set from the product of disconnected
ones. This happens if the product is empty, since the empty set is clearly connected. So let us assume
that the product is non-empty, i.e. that the axiom of choice holds. Moreover, if the axiom of choice
holds, we can apply theorem C.5, which implies that the projection maps pr;: [] — X; are surjective.
We also know that they are continuous by the universal property of product tlc%ology. Thus, X; are
the images of a connected set under continuous maps, hence they are connected.

"=": Suppose X := [1X, where X; are connected and non-empty for all i € I. We now fix x; for every
iel LetJCIbea lfeirlﬂte subset and define
X; ifield,
Y, = .
{xi} ifiel\J

Then, the cartesian product

[0 = TT% > I (5

icl ic] jeEN
IS a subspace of HX,-, which is homeomorphic to .HXi' We now claim that [];c;Y; Is connected, as it
Is the cartesian plreolduct of finitely many connectedlgj)aces. We already know from the lecture, theorem
3.11 that X x Y is connected if and only if X and Y are connected. We now want to show that ﬁ
is connected iff X; is connected for all i =1,...,n. We prove this by induction. The first step of tlﬁé

induction has been shown in the lecture. The induction hypothesis is:

n
HX,- is connected if and only if X; is connected for all i=1,...,n.
i=1
We want to show that:
n+1

X; is connected if and only if X; is connected for all i=1,...,n+1.
=1

1=
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To see this, recall that by the definition of cartesian product, we have:

n+1

n
HXi = <HX1') X Xnt1-
i=1 i=1

n
The induction hypothesis tells us that J] X; is connected if and only if X; is connected for all i=1,...,n.
i=1

n+1 n
On the other hand, theorem 3.11 from the lecture tells us that [] X; is connected if and only if [] X;
=1

i=1 i=
and X1 are connected. Combining the two assertions, we obtain:

n+1
HXi is connected if and only if X; is connected for all i=1,....,n+1,
i=1

which is exactly what we wanted to show. By proposition 3.4, we have that

v=UITx
Jcl i€l

is connected, as it is a union of connected sets having in common a same point. We will now show
that Y is dense in X = .HXl" thatis: ¥ = .HXl" Having this, we can conclude that .HXi IS connected
by theorem 3.8. Now tlogsee that Y is denlgé in X, let H{xi} € ,HXI' and consider alileighbourhood \%
of that point in the product topology. Then V containlglan opelnaneighbourhood U of the same point
of the form U = .HUi' where for all i € I'\J, we have that U; = X; according to remark 2.21. We then
have that <

H{xi} X H {XAI} c (HY;QU) .

icJ iel\J icl

Therefore Y NU # @ and it follows that [Tic;{x;} €Y, which is what we wanted to show.

Remark 4.4. We can see that for this implication the axiom of choice is not necessary. If all
the X; are non-empty and connected for i € I, then the product is always connected, even if it is

empty.

4.4 (Path)-connectedness for finite spaces

Let (X,0Ox) be a finite topological space. Show that it is path-connected iff it is connected.
Solution 4.5.

Our strategy is as follows: we will show it is locally path-connected, then that it is path-connected
and use theorem 3.26 from the lecture to conclude that it is connected iff it is path-connected.
We show that (X,Ox) is locally-path connected. Let x € X be arbitrary. We then define:

By:=n{U CX[xe U, U open}.

As the topological space is finite, this is a finite intersection, hence Uy is open as a finite intersection
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of open sets. Moreover, the collection {By|x € X} clearly forms a basis of X: let x € U,U open. Then,
this is in the collection, as it is one of the elements of the intersection. By remark 3.22, if every
element of this basis is path-connected, then X is locally path-connected. To show that for each
x € X,B, is path-connected, we have to show that there exists a path between any of its two points.

To this end, let y € B, arbitrary, then define:

x ifre]o,

.
1.

Clearly, y(0) =x,y(1) =y. We now have to show that this is continuous. To this end, let U C B, be

=

Y: [071] — By, ’}/(l‘) =

=

y ifte(

open. We then have 2 cases:
1. xeU,
2. X¢U.

Case 1 is easy, as there can't be smaller open sets in B, containing x. It is the smallest one, as we
defined it by taking the intersection of all the open sets containing x. Thus, if x € U, we have U = B,.
This immediately tells us that y~!(U) = y~1(B,) = [0, 1], which is clearly open. On the other hand, for
case 2 we have that x ¢ U. However, this still has two subcases, namely whether ye U or y € U. If

yeU,x €U, we have:
1
~1
=(=,1
’y (U) (27 :|7

which is clearly open. Moreover, if y € U,x ¢ U, then:

which is open. Thus, preimage under y of every open set in By is open in [0,1], which proves y
is continuous, hence the path that does the job. We conclude: B, is path-connected. Now, by
using remark 3.22 from the lecture, X is locally path-connected. Finally, using theorem 3.26, X is

path-connected iff it is connected.
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5 Handout4
5.1 Separating neighbourhoods
Lemma 5.1. x€U < {x} CU.
Proof. "=-": Suppose x € U. Then, by definition of subset, we have:
{x} CU <= Vye{x}:yeU.
By definition of {x}, its only element is x. Hence:
{x} CU <= xeU.

But we know that x € U, by assumption, so we can conclude that {x} CU.

"«<": Suppose that {x} CU. By definition of subset, we have:
{x} CU <= Vye{x}:yeU.
Since x is the only element of {x}, we conclude:

{x} CU < xeU.

Proposition 5.2. Let (X,0Ox) be a topological space. Then the following hold:
1. (X,0x) is normal = (X,0Ox) is regular;
2. (X,0x) is regular = (X,0Ox) is Hausdorff;
3. (X,0x) is Hausdorff = (X,0x) is Ty;

4. (X,Ox) IS I — (X,Ox) IS Ty,

Proof. 1. Suppose (X,0Ox) is normal. Then (X,0Ox) is Ty and Tj. Since (X,Ox) is Ty, we have:

VC,DCX closed CND=@:3U,VeOx:CCUDCV,UNV =2.

Since (X,Ox) is T1, by the theorem from the lecture, this is equivalent to saying every singleton
{x} :x € X is closed. We then take C = {x}, D closed, so that {x} "D = & to obtain:

WU,VeOx: {x}CUDCV,UNV =02.

Clearly, if {x}ND =@, it is true that x ¢ D. Moreover by our previous lemma {x} CU <= x€U.
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Thus, we have:
VxeX,DCX closed ,x¢D:3U,Ve€Ox:xeUDCVUNV =0,

which is precisely what it means to be 7T5. Hence, we conclude T;,77 = T3,T;, which is
equivalent to normal = regular.

. Suppose (X,0Ox) is regular. Then (X,0Ox) is T3 and T;. We now want to show it is Hausdorff.
Pick x,y € X : x #y. By the T property, {x} is closed Vx € X. In particular, {y} is closed. Since
we assumed x # y, we know that x & {y}. But by the axiom T3, applied to x = x,C = {y} we
have:

VxeX, {y} CX,xg{y}: U,VeOx:xcU{y} CV:UNV =2.

By using our previous lemma:
Vx,yeX,x#y:U,VeOx:xelU,yeV.UNV =g,

which means precisely that (X,Ox) is Hausdorff.

. Suppose (X,0Ox) is Hausdorff. Then, for all x,y € X : x # y, we have:
JU,VEOy:xeU,yeV,UNV = 2.
But since UNV = &, we can conclude that:
xelU = x¢V,

yevV = ygU,

as if it were otherwise, the intersection would be non-empty. We thus have found:
Vx,yeX,x#y:U,VeOx:xeU,ygU, x¢V,yeV,

which shows that (X,Ox) is Tj.

. Suppose (X,0Ox) is Ty. This means:
Vx,yeEX:x#y:AU,VeOx:xeU,ygU, x¢V,yeV.
In particular, we have found:
Vx,yeEX:x#£y: AW eOx:xeU,y¢U.

Hence, we can conclude that (X,Ox) by the fact that anything or true is true.
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Proposition 5.3. Let (X,0Ox) be a topological space. Then, the following are equivalent:
1. (X,Ox) is Tl,'
2. Every singleton {x} C X is closed;

3. Every subset A C X Is the intersection of the open sets containing A.

Proof. We will show this by showing 1 = 2 and 2 = 3 and 3 = 1. Let us start with the first
one:
1 = 2: Suppose (X,0Ox) is T;. Then:

VyeX:y#x:3U,€Ox:yc U, and x € U,.

We now use that union of open sets is open to conclude that (J U, is open. Moreover, we claim

yEX y#x
that:

U Uy = X\ {x}.
yeX y#x
To see this, we show both directions:
1. U U, CX\{x}: Letze |J . ThenzeU, for someyeX,y+#x. Since x € Uy, we must

YEX y#x YEX yF#x
have that z # x. As U, C X, we have that z € Uy, = z € X. Hence, we have:

zeUyiy#x2#x = z€X 1 z#x = ze X\ {x}.

2. X\{x} € U Uy LetzeX\{x}. Then z€ X :z#x. By definition of U;, we have that z € U,
YEX y#x
for some z € X.

Thus, we showed that X \ {x} is open, which means {x} is closed.
2 = 3. Suppose every singleton {x} is closed and let A C X. Since the singletons are closed, we
have that X \ {x} is open for all x € X. Now, using that A C X is the intersection of all the sets of the
form X\ {x} for x €A, we are done, since these sets are open from the discussion above.
3 — 1: Suppose each subset A C X is the intersection of the open sets containing A. Then, in
particular {x} is the intersection of the open sets containing {x}. Hence, for any y # x, there is an

open set containing x, but not containing y. ]

5.2 Topological properties, hereditarity and all that

The main goal of topology is to classify all topological spaces up to homeomorphism. This is a really
difficult task. However, there are topological invariants, that is, some properties, that are preserved
under homeomorphisms. In this subchapter, we list some of them. We have already encountered this
in the previous chapter: connectedness is preserved under homeomorphisms, hence it is a topological
property. The similar holds for path-connectedness, local path-connectedness. They are all topological

properties.
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Definition 5.4. A topological property is a property of a topological space, that is invariant
under homeomorphisms.

Remark 5.5. A property of spaces is a topological property if whenever a space X possesses

that property, then every space homeomorphic to X possesses that property aswell.

Definition 5.6. A property of a topological space is called hereditary, if it is inherited by all of its
subspaces.

5.2.1 Kolmogorov spaces

Proposition 5.7. Let (X,0x) be a Ty space and Y C X equipped with the subspace topology

Oy :={YNU|U € Ox}.

Then (Y,Oy) is Ty aswell.
Proof. Let y1,y» €Y :y; #y2. AsY C X, we have that y;,y, € X aswell. Since (X,QOx) is Ty, we have:

U e€Ox:y1€U,y, €U or yi €U,y € U.

We then have:
yvieUNY,y,gUNY or yy €UNY,y, € UNY.

As U was open in (X,0Ox), by the definition of the subspace topology Oy, we have that UNY =Y NU
is open in (Y,Oy). This shows that (Y,0Oy) is Tp. ]

Proposition 5.8. Let (X,0x), (Y,Oy) be topological spaces and let f: (X,0x) — (Y,Oy) be a
homeomorphism. If (X,0Ox) is Ty, then so is (Y,Oy).

Proof. As f is a homeomorphism, f~!: (Y,0y) — (X,0Ox) is continuous. We do the proof by
contrapositive. Suppose (¥,Oy) is not Kolmogorov. That is:

W, eY VYUEOy:(y1 €UV, ¢U) N (01 €U Vy€U).
We now apply AAN(BVC)=(AAB)V(AANC) forA=y,€eUVy, ¢U,B=y, ¢U,C=y, € U:
M EeUVREU) N gUVel)=((neUVngU)AG EU))V(eUVygU)A(2€U)).

Using distributivity once again:

VM EUAYI EU)Vm gUA EU))V((M €UAR€U)V (0 gUAy2€U)

[\ J N J

=0 =0
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Using that OV anything is anything:
0 EUA ZU)V(y1 €UNy€U).
Hence, the negation of being Kolmogorov reads:
I,y €Y VU €Oy :y1,y2€UVy1,y2 €U.
This implies:
W1y2 €Y VU €Oy 1 f7 (), f ' (2) € FTH W)V ) f 1 (2) €7 (U)

But we also know that 3y1,y, €Y : YU € Oy <= 3f1(y1),f ' (y2) € X :Vf~(U) € Ox by continuity.

Denote:
xii=f"'n) €Xxai=f"(n) X, f(U):=V €Ok,

Hence, using continuity, we found:
I, €X VW eOx :ix1,xp €VVX,X &V,
that is, (X,Ox) is not Typ. This finishes the proof. ]

Corollary 5.9. Being Kolmogorov, or equivalently Ty is a topological property.

Corollary 5.10. Given two topological spaces (X,0Ox),(Y,Oy) and a homeomorphism between
them, X is Ty iffY is Tp.

5.2.2 Fréchet spaces
Proposition 5.11. Let (X,0x) be a T space and Y C X equipped with the subspace topology
Oy = {UﬂY|U S Ox}

Then (Y,Oy) is Ty aswell.

Proof. Let y;,y» €Y :y; #y2. AsY C X, we have that y;,y, € X aswell. Since (X,0Ox) is Tj, we have:
W eOx:y €U, UNy1 €U,y €U.

We then have:
yvieUNY,mUNY Ay €UNY,y, eUNY.

As U was open in (X,0Ox), by the definition of subspace topology Oy, we have that UNY =Y NU is
open in (¥,0Oy). This shows that (Y,Oy) is T;. ]
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Proposition 5.12. Let (X,0Ox),(Y,Oy) be topological spaces and f: (X,0x) — (Y,Oy) be a
homeomorphism. If (X,0Ox) is Ty, then so is (Y,Oy).

Proof. Let (X,Ox) be a T space. As proven in the lecture, this is equivalent to saying that all
singletons {x} : x € X are closed. As f is a homeomorphism, it is in particular a closed map. Thus,
f({x}) is closed in (Y,Oy). Moreover, as f is a bijection, the image of {x} under f is a singleton in Y.
Hence, every singleton in (Y,Oy) is closed. This is equivalent to (Y,Oy) being Tj. ]

Corollary 5.13. Being Fréchet, or equivalently Ty is a topological property.

Corollary 5.14. Given two topological spaces (X,0Ox),(Y,Oy) and a homeomorphism between
them, X is Ty iffY is.

5.2.3 Hausdorff spaces

Proposition 5.15. Let (X,Ox) be a Hausdorff space and let Y C X be equipped with the subspace
topology

Oy = {YﬂU|U € Ox}.

Then (Y,Oy) is Hausdorff.

Proof. We want to show that the tuple (¥, Oy) is a Hausdorff space. To this end, pick y;,y2 €Y :y] # y».
Using that (X,Ox) is Hausdorff:

AU, U, CX U, Uy € Ox,y1 €U,y €U, U NU, = @.

Since y; € Uy and y; € N, we have that y; € UyN\N. Similarly, as y, € U and y» € N, it is true that
yo € UyNN. Clearly, UyNN and U, NN are open in the subspace topology Oy. We still have to show
they are disjoint:

(UINN)N(U,NN) = (U NU;)NN =2 NN =@.

As y1,y2 € Y were arbitrary, this finishes the proof. [

Proposition 5.16. Let (X,0x),(Y,Oy) be topological spaces and f: (X,0x) — (Y,Oy) be a
homeomorphism. If (X,Ox) is Hausdorff, then so is (Y,Oy).

Proof. We will proceed by contrapositive. Suppose (Y,Oy) is not Hausdorff. That is:
Ja,beY :a#b:VUy €Oy :ag Uy VVVy € Oy :b g Uy VUy NVy # @.
Using that ~-AVB <= A — BforA=ac Uy, B=YVy € Oy :b g Uy VUy NVy = &, we get:

Jda,beY:a#b:VUy € Oy :a €Uy = (VVYEOYZbQUy\/UyﬂVY%Q).
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Doing the same for C=b € Uy and D =Uy NVy # O:
Ja,beY:a#b:VYUy € Oy:a €Uy = (VVy€OyibGUY — UyﬂVY#@).

We now use that p = VYU : q(U), where U is some statement depending on g is the same as
VYU : (p - q(U)) for p=a € Uy, U:VY,q(Vy) =bec Uy = UyNVy =a. We thus get:

Ha,bEY:a%b:VUyEOyZVVYGOYZ(CIGUY = bely = UyﬂVy%@).
We now apply that A = B — C <= (AAB) = CforA=ac€Uy, B=be Uy, C=UyNVy # &:
E|a7b€Y:a75bZVUYEOYIVVYGOyi(ClGUy/\bGUy) = Uy NVy #£ 2.

In words, this means, that there exists at least one pair of points, for which all open sets containing

them are not disjoint. We now use that Oy is a topology to conclude that:
Wy := Uy NVy € Oy, as Uy,Vy € Oy.

Moreover, we have:
Oy W) = W) = ) N ().

As Uy,Vy,Wy € Oy and f is a homeomorphism, in particular, it is continuous, thus:

W) € Ox, f1(Uy) € Ox, f (W)€ Ox.

Let us denote;
Wy =~ (Wy), Ux=f""(Uy), Vx=1""().

Thus Wx,Ux,Vx € Ox. Moreover, as f is bijective:
aclUy = fYa) e Uy;

beVWy = f(b) e Uy.

By denoting f~'(a) :==x, f~1(b) :=y, we get:
I,yeX:x#y:VUx € Ox :VWx € Ox : (x e Ux Ny € Ux) = UxNVx # &,

which is the negation of (X,Oyx) being Hausdorff. This finishes the proof. []

Let us show an easier, alternative proof.

Proof. Let y;,yo €Y 1y #ys. As f is bijective, we have that

Flonex ' n)ex
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are single points aswell. Let us denote them with xy,x», i.e.
o) =x, 7 (02) == x0
Since (X,Ox) is Hausdorff:
JUx,Vx € Ox :x1 € Ux,xp € Vx,Ux NV, = 2.

As f is a homeomorphism, in particular is an open map, thus:

Ux,Vx € Ox = f(Ux) :=Uy, f(Vx) :=VWy € Oy.
Moreover, x| € Ux,xy € Vx = f(x1) € Uy, f(x2) € Vy. Now recall who x;,x; were:

xi=f"'on) = fx)=f(' ) =y € Uy;

x=f"n) = fx)=f(f"02))=ycW.

We thus have found two open sets Uy, Vy, which contain y;,y, respectively. It is only left to show that

they are disjoint. Suppose Uy NVy # &. Then:
dzeUyNVy < Jz € f(Ux) ﬂf(Vx) < Jz € f(Ux ﬂVX),

where in the last step we used injectivity to conclude f(Ux)N f(Vx) = f(Ux NVx). But we now know
that Ux NVx = &, by (X,Ox) being Hausdorff. We therefore conclude:

UyNVy # 0 < dz€ 9,
which is clearly false. Hence, its negation: Uy NVy = & is true. [

Corollary 5.17. Being Hausdorff is a topological property.

Corollary 5.18. Given two topological spaces (X,0Ox),(Y,Oy) and a homeomorphism between
them, X is T, IffY is.

5.2.4 T; spaces

Proposition 5.19. Let (X,0x) be a Tz topological space and Y C X be a subspace equipped

with the subspace topology
Oy :={YNU|U € Ox}.

Then (Y,Oy) is Tz aswell.

Proof. Letye€Y and F CY :y ¢ F be a closed set in (Y,Oy). By proposition 2.2, we have that there
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exists W closed in (X,0Ox), such that:
F=YNWwW.

As (X,0x) is a Tz space, we have:
JU,VEOx:WCU,yeV,UNV = 2.

Since yeV and y €Y, we have that y € Y NV and moreover since V € Ox, we have that YNV € Oy.
Now since W C U and U € Oy, we have that YNU € Oy. Moreover F CYNU. We only have to show
that YNU and YNV are disjoint. To see this:

YNnU)NYNV)=UnY)NynvV)=0nyny))nvVv=Uny)NV=¥Ynu)NnNvVv=rynNnUnNV)=YNg=02.

Therefore, we have found two disjoint open sets in (¥,Oy), which contain y and F. More formally:
dJA,BeQOy:F CA,ye B ANB=J, namely A=YNU,B=YNV.

This shows that (Y,Oy) is T. ]

Proposition 5.20. Let (X,0x),(Y,0Oy) be topological spaces and f: (X,0x) — (Y,Oy) be a
homeomorphism. If (X,0Ox) is Tz, then so is (Y,Oy).

Proof. Lety€Y and F CY closed in (Y,Oy):y & F. Clearly, f~'(F), f~'(y) are disjoint, i.e. f~'(F)N
1) =f 1 (Fny) = f~1(@) = @, where we used that f is injective as it is a homeomorphism. As f
is bijective, the preimage of y is a point in X. Since f is continuous, the preimage of F is closed in

Ox. Now, since (X,0Ox) is T3, we obtain:
JUVeOx: fly)eu, Y (F)CV.
Now using that f is open, we have:
fU),f(V) €Oy, UNV = 2.

We therefore found two disjoint open sets, which contain y and F respectively. As y, F were arbitrary,

this concludes the proof. ]

Corollary 5.21. Being T; is a topological property.

Corollary 5.22. Given two topological spaces (X,0Ox),(Y,Oy) and a homeomorphism between
them, X is Ts iffY is.
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5.2.5 T, spaces

Proposition 5.23. Let (X,0x),(Y,Oy) be topological spaces and f: (X,0x) — (Y,Oy) be a
homeomorphism. If (X,Ox) is Ty, then so is (Y,Oy).

Proof. Let Y},Y, be disjoint closed sets in (Y,0Oy). We dnote:
X :=f'), X2:=f"'().
This immediately implies:
xinX=f"'ynf ' Mm)=r'mny=r"(2) =0.
As f is a homeomorphism, it is continuous, which implies X1,X; € Ox. As (X,0Ox) is Ty:
JU1,U, € Ox : X1 C UL, X, CUp, U NU, = @.

We also know that:
X1 CU = f(X1) Cf(U1) <= "1 Cf(U);
X CU) — f(Xz) C f(Uz) <~ 1 C f(Uz).
As Uy,U € Ox and f is open, f(U), f(U,) € Oy. We thus have found two open sets in Oy, which

contain Y1,Y, respectively. It is left to show that they are disjoint. This can easily be seen:

fFUN)Nf(Uz) =f(UINL2) = f(2) =2.

Corollary 5.24. Being Ty is a topological property.

5.3 Urysohn metrization theorem

To do: prove this theorem. It is in particular important for physics, since this implies that every
topological manifold is metrizable. This is very useful, as metrizable spaces satisfy all separation

properties.
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Problem sheet 4

6.1 Hausdorff spaces
1. A topological space (X,QOx) is Hausdorff if and only if the diagonal
A:={(xx)|xeX}
is closed in the product space (X x X,Oxxx).
2. A subspace of a Hausdorff space is a Hausdorff space.
3. If (X,0x) is regular and A C X closed in the subspace topology, then the quotient space X /A is
Hausdorff.
Solution 6.1.
1. "=": We want to show that A is closed in Oxxx. This is equivalent to showing that (X x X)\A

is open in Oxxx. By the lecture this is equivalent to the fact that (X x X)\ A is a neighbourhood

of all its points, i.e.:
V(X1,X2) S (X XX)\A:HV - ((X XX)\A) Ve OXXx,(xl,)Q) ev.

To show this, let (x1,x2) € (X x X)\ A. We then know that x1,x, € X : x| # x». By Hausdorffness,
we thus find:
U ,UeOx:x1€Up,xp el : U NU, =2.

Hence, our candidate is V = U; x U,, which is open in Ox«x by the definition of product topology.
It is left to show that (U; x U;) C ((X x X)\ A). We will prove this by contrapositive. Suppose
(x1,%2) € ((X xX)\A). Then, we have that:

(x1,%2) EA <= x1,x2 €X 1 x] = xp.

If this specific (x1,x2) with x; = x, were in Uy x U, we would have that x; € Uy and x; € Uy,
which would contradict that Uy NU, = &. Hence, as desired (x1,x;) & Uy x U,.

"<=: Suppose the diagonal A is closed in (X x X,Oxxx). Then, its complement, (X x X)\ A is
open. We now want to show that X is Hausdorff. To this end, let x;,x, € X : x; #x,. This
implies (x1,x2) € (X x X)\ A. As (X x X)\ A is open, it is the neighbourhood of all its points:

dB C ((X XX)\A) :Be C’)XXX,(xl,xz) €B.

As B is open in the product topology, there exists Uy,U; € Ox : x1 € Uy, xo € U and Uy x U, C B.
Therefore Uy x Uy C ((X x X) \ A), since BC ((X xX)\A). This implies:

(Ul X Uz)ﬂA: .
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We now want to show that this implies Uy NU, = @. We proceed by contrapositive. Suppose
Uy NU, # 2. We then have to show that (U} x Up) NA # @. By the assumption that Uy NU, # &,

we have:
dyi,ypeX: (yl,yz) ceUy xUy:y1 =y, ie dyreX: (yl,yl) e U xU,.

Using the definition of A, we can conclude, that the intersection (U; x Uy) NA is non-empty, as
it contains at least (y;,y;). This finishes the proof.

2. Suppose (X,0Ox). Then a subspace Y C X is equipped with the subspace topology:
Oy = {YﬂU|U € Ox}.

We now want to show that the tuple (Y,Oy) is a Hausdorff space. To this end, pick y;,y, €Y :
y1 # y2. Using that (X,Ox) is Hausdorff:

U, U, € X : U, Uy € Ox,y1 €Up,y2 € U, UNU, = 2.

Since y; € Uy and y; € N, we have that y; € UyNN. Similarly, as yo € U, and y, € N, it is true
that y, e UyNN. Clearly, UyNN and U, NN are open in the subspace topology Oy. We still

have to show they are disjoint:
(Ul ﬂN)ﬁ(UzﬂN) = (Ul ﬂUz)ﬂN: NN =@.

As y1,y2 € Y were arbitrary, this finishes the proof.

3. Let (X,0x) be a regular space and A C X be a closed subset of X. This implies that (X,Ox) is
T3 and 77 and X \ A € Ox. From now on we will denote the quotient space X /A as X/ ~ under
the equivalence relation given in the next step. We now claim that x~y: <= x=yorx,yc€A

IS an equivalence relation. To see this, we check the three axioms:

(a) Reflexive: Vxe X :x~x, asx=x.

(b) Symmetric: Vx,y€ X :x~y = y~x. Suppose x ~y. Thenx=y or x,y € A. Clearly, this
implies that y=x or y,x € A. Thus, y ~ x, as desired.

(c) Transitive: Vx,y,z€X :x~yand y~z = x~y. Suppose x ~y and y ~ z. This implies
x=yorx,yeAandy=zoryzecA. Now suppose x=y. In thiscase x=zorx,z€A. On
the other hand, if x # y, we have that x,y € A and y=_z or y,z € A. This splits into further
two subcases. Suppose y =z. In this case, x,z€ A. If y#z, then x,y € A and y,z € A, so in

particular x,z € A. We can conclude: x ~ z.

We then have the quotient space X/ ~ given as:

X/ ~={[x]:xeX}.
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Moreover, an equivalence class can be evaluated to give:

A fxeA,
[x] = _ .
{x} ifxgA
We now define the map
A if x €A,

p: X=X/ ~x—x] = ,
{x} ifxgA

which is guaranteed to be a quotient map, given the quotient space is equipped the quotient topology.

We now in principle have the following possibilities:
LoxyeA:x#y = p(x)=pl)=MK=DH=4
2.x€A, yeX\A = p(x)=A,p(y) ={»};

3. x,yeEX\A:x#y = p(x)={x}, p(y) ={}.

We can see that if both x,y € A, then in the quotient, they are identified, that is p(x) = p(y) = A.
Hence, if they are both in A, then they are not disjoint in the quotient. Therefore, it is enough to
verify the other two cases for Hausdorffness.

1. Suppose x € A,ye X\A = p(x)Np(y)=AN{y} =2. Thatis, the two points are disjoint in
the quotient. We have to show that there exits two disjoint open sets in the quotient, which
contain these points. To this end, we use that a set in the quotient topology is open iff its

preimage under the projection is open in X. Computing the preimages:

p () =y

As X is regular, it is in particular T3 and thus, since A is closed and y € X,y € A, we can find two

disjoint open sets separating them:
JU,VeOx:UNV=g,ycU,ACV.

We now claim that p~!(p(U)) = U. To see this, we show both inclusions. Clearly U C p~!(p(U))
as:
zeU = p(z) € p(U).

On the other hand, suppose z € p~!(p(U)). We then have:
p(z) € p(U) = p(z) =p(u) :uel.
But by the definition of the map p:

p(2)=pu) <= z~u < z=u or Zu € A.
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If z=u, then clearly z € U. The case z,u € A can not occur, as A and U are disjoint. Hence,

z€ U. We conclude:
p(p(U))=U.

Moreover, as U is open in X, this implies that p(U) is open in X/ ~, by the definition of quotient
topology. Similarly, we have that p~!(p(V)) = V. To see this, we show both inclusions. Clearly,
vV pl(p(v)) as:

meV = p(z) € p(V).

On the other hand, suppose m € p~!(p(V)). We then have:
p(m) € p(V) = p(m)=p(v):veV.
Using the definition of the map p:
pim)=plv) <= p~v <= m=v or m,y €A.

In case m = v, then we clearly have that m € V. In the other case, if m,v € A, then m € V since
A CV. This concludes:

P~ (p(V))=V.

Moreover, as V is open in X, this implies that p(V') is open in X/ ~ by the definition of quotient
topology.

We know that UNV = @. We then claim that p(U)Np(V) =@. To see this, we proceed by
contrapositive. Suppose p(U)Np(V) # @:

JacpU)Np(V) = JaeX/~acpU)Nacp(V) <= JacX/~FucU:a~uNFveV a~v.
By reflexivity, if a ~ u, then u ~ a. By transitivity, u ~a and a ~ v, then u ~v. We then have:
U~V < u=v or u,v €A.

If u=v, then UNV #£ @. If u,v € A, then in particular u € A, which implies that UNA # &. But
as A CV, this tells us that UNV # @. Finally, since y € U,A CV, we have that:

p(y) epU) = {y}ep(U);

p(A)Cp(V) = Aep(V).

Therefore, we found two disjoint open sets containing {y} and A, namely: p(U),p(V). Formally,
this can be written down as:

V{y} €X/~:3pU),p(V) € Ox)~ : {y} € p(U),A€ p(V): p(U)Np(V) = 2.

57



Remark 6.2. As we have seen, in this case, we did not use the Ty condition of regularity,
it was not needed in the proof.

2. Suppose x,y € X \A :x #y. We then have {x},{y} € X/ ~: {x} # {y}. We have to show that
there exist two disjoint open sets in the quotient, which contain {x} and {y}. We proceed

similarly. The preimages are:
() =

p~ ({x}) =x.

As X is regular, it is also Hausdorff, as was shown in proposition 5.2.

Remark 6.3. We see that in this direction regularity is strictly needed in order to proceed

with the proof.
As X is Hausdorff, we can separate x,y:
JU,VeOx:xeU,yeV:UNV #a.
We know that x € X\ A and y € X\ A, by assumption. This implies:

xe(UN(X\A)), ye(VN(X\A)).

Remark 6.4. We now use that A is closed, so this is also needed for this direction.

Let us define Uj :=UN(X\A), Vi :=VN(X\A). Since A is closed, X \ A is open, and therefore
using that intersection of open sets is open, we obtain that U,V € Ox. Moreover, U NV, =3,

as the intersection Is associative and commutative:
UnVi=UNX\A))NVNX\A)=UNV)N((X\A)N(X\A)=2N(X\A) =02.

We now claim that p(U;) and p(V}) are two open,disjoint sets in X/ ~, containing {x} and {y}
respectively. Let us first show that they are open. Start with p(U;). We will use the same
trick as before, namely: p~!(p(U;)) = U;. We prove this by double inclusion, but omit the first
inclusion, as it is the same as above and hence trivial. Now suppose z € p~!'(p(U;)). We then
have:

p(z) € p(U1) <= p(z) = p(u1) : uy € Uy.

By the definition of p:
p(z) =p(ur) <= z=uy or z,u; €A.

In the case z = u; we immediately obtain that z € U;. The other case can be ruled out, as
it says that u; € A, which contradicts that u; € Uy, as UyNA = @. This finally shows that
p Y (p(U1)) = U;. Moreover, as U is open in X, we have that p(U;) is open in X/ ~ by the
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definition of quotient topology. We now show that p~!(p(V})) = Vi. Suppose n € p~!(p(V1)):
p(n) € p(Vi) <= p(n) =p(vi):vi €Vi;
By the definition of p:
p(n)=p(v)) <= n=v; or n,v; €A.

In the case n =vy, clearly n € V;. The other case can be ruled out, as it would contradict that
vy € V. Similarly as above, p(V}) is open in X/ ~ by the definition of quotient topology and V;

being open in X. Moreover, we have:
x€Up = px) € p(Uh) <= {x} €p(lh);

yeVr = p(y) € p(i) <= {y} € p(N1).

We now have to show that p(U;) and p(V;) are disjoint to finish the proof. We proceed by
contrapositive. Suppose p(U;)Np(Vy) # @:

JacpU)Np(V)) <= JacX/~acpU)hacp(V)) <= JacX/~:TFu €Uj:a~ruyAIvi €Viian~

By reflexivity, if a ~u;, then u; ~a. By transitivity, u; ~a and a ~ vy, then u; ~v;. We then
have:

Uy~ vy < ujp=vy, or up,vy €A.

If uy = vy, this implies Uy NV| # &. The other case can be ruled out, as it would contradict that
up,vi € Uy,Vq, as Uy and V; are disjoint from A.

We thus have found two disjoint, open sets in X/ ~, which contain {x},{y} respectively, namely:
p(Uy),p(Vy). This shows that X/ ~ is Hausdorff.

6.2 Separation properties of products and quotients

1. Fort€{0,1,2,3}, the product X =[] X; of non-empty spaces is a T; space if and only if all X;
icl
are T; spaces.

2. The quotient R/ ~ by the equivalence relation x ~y if x =y or x,y € Q is neither T}, 75, T3 nor
Ty. Is it Ty?

Solution 6.5.

1. Before we proceed to the exercise, let us prove a lemma, which we will use.

Lemma 6.6. Assume the axiom of choice holds. Let (X;,O;)ic; be a family of topological

spaces labelled by an index set I. Let X := [] X; be the product space equipped with the
iel
product topology O. Let z€ X. Then for eachi € I:

Y= {x e X|Vj e I\{i} : prj(x) = prj(2)}
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equipped with the subspace topology Oy, is homeomorphic to (X;,O;), where the homeo-

morphism is given by:

pi: (Y;,0y) = (X;,0:), pi(y) =i

Proof. We will show that p; are homeomorphisms by showing they are:

(a) bijective;

(b) continuous;

(c) open.

We show these one by one:

(a)

(b)

As the axiom of choice holds, the projections pr; are surjective. As p; are restriction of the
projections, they are surjective too. We now want to show that they are injective. To this
end, let i € I,z € X. We want to show that Vx,y € Y;: p;(x) = pi(y) = x=y. We know
that:

x=y < xj=y,Vjel

As pi(x) = pi(y), we immediately have that x; =y; for the fixed i € I, that we chose.
Moreover, as x,y € Y;, we have:

xj=zj, yj=z;Vj€I\{i} = x;j=y;Vjel\

Hence, as desired we have that x; =y;Vj €. This shows that x =y, proving injectivity. As

pi are injective and surjective, they are bijective.

Let Ve O, and

X; ifi#j,
U=[]U, U=’ =
i€l Voifi=

Clearly U is open in the product space (X,0), as it is a basis element. Now, let x € ¥;. We
want to show that:
p;'(V)=UnNY.

To this end, we do a double inclusion. Let x € p; '(V). We then have:
pilx) eV = xeU.
As x € U and x € Y;, we have that x € UNY;. Conversely, suppose x € UNY;. We then have:
xeU and x €Y.
In particular, x € U, hence p(x) €V <= x & p (V). We thus showed that:
pi ' (V)=UnNY.
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On the other hand, we know that U is open in the product space (X,0) and ¥; C X.
Therefore, by the definition of subspace topology:

p (V) openin Y.

This concludes that p; are continuous.

(c) We want to show that p; are open maps. To this end, let A open in ¥;. We want to show

that p;(A) is open in X;. To this end, let x € p;(A). Since p; are surjective:
dyeA:pi(y) =x.
Moreover, by the definition of subspace topology, we have that:
W eO:A=UNY.

For all k €1, let pr; denote the projection to the k—th factor: pr;: X — X;. By the
definition of product topology, we have that:

N pry' (Vo) CU,
keJ

where J is a finite subset of I and V; € O,. Moreover, we have:

Nprg' V) SV = (pr' ()NY CUNYi=A.
kedJ keJ

As we know that y € A, we also have that y € N pr,jl(Vk) NY;. Now using that x € p;(4),
kel
we have:

X € pi (ﬂprkl(vk)ﬂYi> C pi(A).

keJ

Using that intersections are associative and that p; are injective:

pi <ﬂ Prk_l(Vk)ﬂYi> =pi (ﬂ(Prk_l(Vk)ﬂYi)> =\ pi(pry (V) NY;).

keJ keJ keJ

As p; (prk’l(Vk) ﬂYi) € O; and J is finite, we thus have found an open set, which contains x
and is a subset of p;(A). This shows that p;(A) is a neighbourhood of x. As x was arbitrary,
this shows that p;(A) is a neighbourhood of all its points, hence open. This shows that p;

are open maps.

Since p; are open, continuous, bijective, they are homeomorphisms, as desired. []

Using this lemma, we will do each proof one by one:
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(a)

(b)

Ty: "=:" Suppose X is Ty. By proposition 5.7, we have that the subspace

Yii={xeX|Vjel\{i}:prjx)=pri(z)}

equipped with subspace topology is Ty. By the previous lemma 6.6, we have that (¥;, Oy,)
Is homeomorphic to X;. Using proposition 5.8, which says that homeomorphisms preserve
Ty property, we see that X; are also Tj.

"«<": Suppose X; is Ty for all i € I. Let x = (x;)ier, ¥y = (vi)ier be points in X, such that
x#y. Then, there exists j€l:x;#y;. As X is Ty for all j €1, there exists an open subset
UCX;j, suchthatx;eU andy; ¢ U orx; ¢U and y; € U. As pr; are continuous, prj_l(U)

are open in (X,0Ox). Moreover, it is true that:
(x € prj_l(U)/\y %prj_](U)> V (x §Zprj_1(U)/\y € prj_](U)> .
Ty: "=": Suppose X is T;. By proposition 5.11, we have that the subspace

Yi:={xeX|Vjel\{i}: prj(x) = prj(z)}

equipped with the subspace topology is T7. By lemma 6.6, it is homeomorphic to X;. Using
proposition 5.12, which says that homeomorphisms preserve T, we conclude that X; are
also T; for all i e I.

"<<=": Suppose X; is Ty for all i € I. Let x = (x;)ier,y = (i)ier be two distinct points in X.
Then, there is j €I, such that x; #y;. Because X; is T1, there are open sets U,V C X;,
such that x; € U and y; € U and x; € V,y; € V. Using continuity of the projections, we find

prj’l(U),prj’l(V) are open in (X,Ox) and moreover:

(x € prjfl(U) Ay gépr;l(U)) A (x g?pr;l(V) Ny € pr}l(V)) :
T»: "=": Suppose X is T>. By proposition 5.15, we have that the subspace:

Yi:={xeX|Vjel\{i}: prj(x) = prj(z)}

equipped with the subspace topology is Hausdorff. By lemma 6.6, we have that (Y;,Oy,) is
homeomorphic to X;. Using proposition 5.16, which tells us that Hausdorffness is preserved
under homeomorphisms, we conclude that X; are Hausdorff for all i € I.

"< Suppose X; is Hausdorff for all i € I. Let x = (x;)ics,y = (i)ies be two distinct points
in X. Then, there exists j €I, such that x; #y;. Because X; is T», there are open sets
U,V CX, such that x; € U,y; € V,UNV = @. Using continuity of the canonical projections,
we find pr=!(U),pr='(V) are open in (X,Ox), moreover:

xepri'(U),yepr;'(V),pr; ' (U)npry (V) = 2,
which shows that X is Hausdorff.
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(d) Ts: "=": Suppose X is T3. By proposition 5.19, we have that the subspace:
Yii={xeX|Vjel\{i}: prjix) = prij(z)}

equipped with the subspace topology is 73. By lemma 6.6, we have that (V;,Oy) is
homeomorphic to X;. Using proposition 5.20, which tells us that 73 is preserved under
homeomorphisms, we conclude that X; are T3 for all i € I.

"«<": Suppose X; is T3 for all i € I. Let (x;)ie; € X. X being T3 is equivalent to the fact
that the closed neighbourhoods of x € X form a neighbourhood basis of x. Let U := ] U;
with U; C X; open and a
J:={jel|U; #X,} finite be a member of the basis containing x.

Then, by X; being T3, we have that for all j € J there are V; C X; open and C; C X; closed,
such that x; € V; C C; C Uj, because the closed sets form a neighbourhood basis of x; in
Xj. The set W :=[];e;W; with V; =W, for i€ J and W; = X; for i € J is open in X. We also
have that C:= U prj_l(Cj) Is closed in X, as the intersection of finitely many closed sets is
closed and pr; Jisjcontinuous.

Now, x e W C C C U, which shows that C is a closed neighbourhood of x contained in U.

So the closed neighbourhoods of x form a neighbourhood basis in X and hence X is T3.
2. First, we check that the relation given is indeed an equivalence relation:

(a) Reflexive: clear as x = x for all x € R;
(b) Symmetric: suppose x =y. Then clearly y =x. Otherwise, if x,y € Q, then y,x € Q aswell;

(c) Transitive: suppose x =y and y =z. Then clearly x =y =z. Otherwise, if x,y € Q and
v,z € Q, then clearly x,z € Q.

We then have the quotient space given by:
R/ ~= {[xlx € B}.
Denote the quotient projection as:
g:R—=>R/~ g(x)=[x].

(a) To: Let x,y € R, such that x € Q and x # y. This immediately implies that g(x) # ¢(y), as
q(x) =q(y) <= [x] =[y] <= x=yVx,ye€ Q. None of the conditions are satisfied, so
q(x) # q(y). We now want to show that there exists an open set in R/ ~, which contains

q(y), but not g(x) or which contains g(x), but not g(y). We now claim that the set

¢ (qR\ {x})) =R\ {x}

will do the job. First, let us show this equality by double inclusion:
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i. Suppose a € ¢~ (q(R\ {x})). We then have:

Jz€ q(R\{x}) : q(a) =z

That is:

Fz € q(R\{x}) : [a] = z.
Now, suppose for the sake of contradiction that z = [x]. We then have that [q] =
[x] <= a=xVa,x€Q. Asx & Q, we must have that a = x. However, if a =x, we have
that [x] € ¢(R\ {x}). We now claim that g(x) € g(R\ {x}) is equivalent to x € R\ {x}.
If this is the case, we got the contradiction. Let's see why this is the case. Clearly
x € R\ {x} = ¢g(x) € ¢(R\ {x}). On the other hand, suppose g(x) € R\ {x}. This

means:
€ g(R\ {x)) : g(x) = 1.

We then have the following chain of equivalences:
q(x) € g(R\ {x}) <= € qR\{x}):q(x) =1 <= IneR\{x}: [n] =IAg(x) = [n].
But this is equivalent to:

IseR\{x}:s=x < xR\ {x},

which concludes that g(x) € g(R\ {x}) <= x € R\ {x}. With this contradiction, we
can conclude that [a] # [x], which implies that a # x, that is, a € R\ {x}, as desired.
Conversely, suppose z € R\ {x}. Then ¢(z) € ¢(R\ {x}). This means:

Im € g(R\ {x}) : q(z) = m.

Moreover:
dneR\{x}:[n]|=m=q(z),

which is precisely the statement that there exists [n] € g(R\ {x}) : [n] = ¢(z) = m. But

this is equivalent to:
z€q ' (g(R\ {x})).
Hence, as desired:
g (q(R\{x})) = R\ {x}.
Having shown that ¢~ '(g(R\ {x})) = R\ {x}, we can proceed to conclude that g(R\ {x})

is open in the quotient space, as it is the preimage of an open set under the continuous
canonical projection. Namely, it is the image of R\ {x} = (—eo,x) U (x,00). This is an open

set, as it is the union of two open sets. Moreover, we have:

yERy#x < ye R\ {x} = ¢q(y) € ¢(R\ {x}).
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And clearly as x € R\ {x}:

q(x) & g(R\ {x}).
We thus have found an open set, which contains ¢(y), but does not contain g(x). This
shows that R/ ~ is Tp.

(b) R/ ~is not Ty, as ¢~ '({g(0)}) = Q. But we know that Q is not closed in R, as it is not its
own closure: in some more detail, there are rational sequences, that do not converge in Q.
This contradicts the fact that all singletons are closed, which should be the case for a T}

space.
(c) Tr»: As T, = T;, we can immediately conclude R/ ~ is not T>.

(d) We have ¢(v/2) € g({n}) and ¢q({x}) is closed in R/ ~. Let U,V CRR/ ~ be open neigh-
bourhoods of ¢(v/2),q({r}) respectively. Then ¢~ !(U) and ¢~ '(V) are open non-empty
subset of R. Hence, by denseness, they both contain a rational number. Therefore,
q(0) e UNV # @. This proves that R/ ~ is not T3.

(e) Ty: The sets g({r}) and ¢({v/2}) are closed in R/ ~. Let U,V C R/~ be open neigh-
bourhoods in R/ ~ of g(v/2) and g({n}) respectively. Then ¢~'(U) and ¢! (V) are open
non-empty subset of R. As R is dense, both of them contain a rational number, which
concludes ¢(0) e UNV # @&. This provse that R/ ~ is not Ty.

6.3 Metrizable products

1. Show that a countable product of metrizable spaces is metrizable.

2. Is every product of metrizable spaces metrizable? Why (not)?
Solution 6.7.

1. We are given a countable collection of non-empty topological spaces, which are metrizable
{Xn,pn}5r_;. We denote their Cartesian product as

We define a metric p : X xX — R as:

- Pn xnyyn)
=Ly

1 +pn(xnayn)

We claim that p induces the topology, which is equivalent to the product topology on X. If this
is true, then X is metrizable. Before we do this, let us simplify the metric, which can be done

via the following lemma.

Lemma 6.8. Let o, = # and p,, be two metrics. Then the topology induced by oy, p,

+
are equivalent.
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Proof. Let us introduce the following notation for open balls:

Be () = {y|B(x.y) <e}.
Now, let us fix € > 0. We will show that there exist &,,8p, > 0, such that:

B (x) C BE'(x); By (x) € BE"(x).

However, before showing this, let us show why this is useful for the purpose of the proof. Suppose
the above holds. Then, recall the definitions of the topologies induced by the metrics o, p:

A€ O, < VxcA:3e>0:B(x) CA;
A€y < VxeA:3e>0:B¥(x) CA.
Supposing we proved the statements above, we then have:

A€Op, <= VxeA:3e>0:B§ (x) CB"(x) CA = A€ Oy,;

A€ Qq, — VXGA:E|8>0:BI5)" (x) CBY'(x) CA = A€O,,.
Pn

Which shows indeed that Op, = Og,. Now let us prove the existence of &, ,p,:

mEBg;n(x) < a(m,x) < 8y, = % < 8o, = Pn(m,x) < 8¢, + Sq, Pn(m,x).
Sa
Pn(m,x) < 8¢, + Oa,Pn(m,x) <= pp(m,x)(1 —38q,) < 6¢q, <= pu(m,x) < 1 g .
— &g,

Thus for the condition m € BY"(x) to be satisfied, we have to choose &, such that:

s £
O e s By = e o8, > Bo, (1) = e = Bg =
e

l1+e¢

This concludes the existence of &4,. Now let us get to the existence of &, :
me Bgzn (x) <= pa(m,x) < p,.

Note that p,(m,x)+1 > 1, which implies % < p. Hence, we can pick 8, = € and this does
the job. This concludes the existence of dp, and of the proof of the lemma. The two topologies

coincide. O]

We therefore can work with the metric p: X x X — R,
)= o Pn(Xn,Yn)
p(x,y) = 21—2” :
n—=

Let us show that this is indeed a metric, given p,(x,y) are:
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(a) p(x,y) =0 <= x=y. To see this, consider:
. - pn(xmyn) -0
p(x7y) - Zl omn -
n—

But we know that p,(x,,y,) =0 <= x, =y,Vn. Thus x=y.

(b) Symmetry: p(x,y) = p(y,x). To see this:
rho(x,y) = Z xn,)’n Z yn,Xn =p(x),

where we used that p,(x,,y,) are symmetric, since they are metrics.
(c) Triangle inequality: p(x,z) < p(x,y)+p(y,z). To see this:
= Pn(x ,z o Pn(X ,y - y 7Z
p(x,z) =), Z . Z 2 = p(x,y) +p(0,2),
n=1 n=1 n=1
where we used that each metric p, satisfies the triangle inequality.

So far, we have a metric on the product. Moreover, this metric is bounded by 1, since:

p(x,y)

W“ = p(x,y) <plry)+1 < 0<1.

We now show that the metric p induces the product topology on X. Let O be a basic open set

in the product topology, so

O=]]:3F CN finite :n¢gF < X, =0,
neN
We want to show that O is open in the topology induced by p. This is equivalent to finding an

open ball around each x € O, such that:
VxeO:3r>0:B(x)CO.

Now, for n € F, we have that x, € O,,, which is open in X,,, so we have r, >0: B’,J;’(x,,) C O, by
the fact that the topology on X, is induced by p,. As we have finitely many r, to consider, we
can find 0 < r < 1, such that r < 22Vn € F. To see this, take y € BY (x). This is equivalent to:

YEBR(x) <= p(yx) <r

We know that:
pn(xn;yn>
21’!

which implies that for such n € F, y, € O,, and as the other O, = X,, by the form of the basic

<plxy)<r<oo

open set, we have that indeed y € 0. As y was arbitrary, we conclude B (x) C O.
We now do the other inclusion. We start with an open ball in the p-induced topology, and

show that it is open in the product topology. To this end, start with B? (x) for some arbtirary
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x€X,r>0. We want to show that x € O C B? (x). To do this, pickNEN:ziN< 5. For1<k<N
consider the open balls
Ok = Bpr (Xk),

2N

and for k > N = +1, we set O, = X;. We now claim that

0=]]0owcB?(x).
keN
Clearly, O is a basic open set in the product topology on X, moreover x € O. To see this: let
y € 0. Then for k <N, we have pg(xx,yk) < 55, which implies:

N N
Xk, k r r
Z M) < Z (%, y%) <N - N2

On the other hand: N -
Pr (X, V&) r
Z T ok Z _k - _N ’
keNal 2 2
where we have used that p; are bounded by 1, as was shown above. Moreover, we used our

choice for N. Putting all together, we obtain for y € O:

as desired. This shows that the topology on X is induced by p, thus, X is metrizable.

2. Only countable products of non-singleton metrizable spaces can be metrizable. In particular,
{0, 1} for {0,1} having the discrete topology is not metrizable. To see this, let X :=[];c have
the product topology and let X; be T spaces that have at least two points. If X is metrizable,
then it is first countable. So let x := (x;)ic; € X and (U;) jen be an open neighbourhood basis for
x€X. Forall j€N, thereis a finite set J; C I, such that pr;(U;) =X; for all i € J;. Now, leti€l.
Then x; € V;:=X;\ {y;} for some y; € X;\ {x;}. By continuity, pr—!(V;) is an open neighbourhood
of x and therefore pr=!(V;) contains U; for some j € N. Since pr(U;) C pr(V;) = X; \ {vi} # X,
we have that i € J;. This proves that I C 'UNLJ is countable.

jE

Remark 6.9. Throughout the whole exercise, the axiom of choice had to be used, as we had

to choose a metric on each topological space. If we want to be pedantic, we actually do not

need the axiom of choice for uncountable collections. Countable choice is enough, as we have to

choose only countably many metrics.
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7 Handouth

Proof. We want to show that the collection
G:={FNUJIF € F,U € N;}

is a filter. To this end, we check the three axioms:

1. G is non-empty, as x is a cluster point. Clearly, X € G, as F is a filter, so X € F, and X is an
open set containing x, hence X € . We then have XNX =X € G.

2. Wewanttoshow U,V e G = UNV eG. LetU,VeG. Then:U =P NO; and V =PN0O3,
where P, P, € F,01,0, € N;. We then have:

Unv=(PAN01)N(ARNO02)=(PINP)N(01N0)

As P, P, € F, by second axiom of filter, we have that PN P, € F and similarly, the intersection
of twoo neighbourhoods of the same point is again a neighbourhood of the same point. We
conclude: UNYV € G, provided that U,V € G.

3. Suppose A€ G. ThenA=PNU,Pec F,U € Ny. We now claim that if PNU CV, thenV € F.
To see this, we have to show that V can be written as V = BN C for some B € F,C € N,.
Indeed, this is the case for B=FUV and C=UUYV. In the first place, FUV € F, since F € F
and F C FUV and we apply axiom 3 of filter. Similarly, If U € N, any enlargement of it is a
neighbourhood still. We now have to show what we said before that V. =BNC. To this end,
consider:

BNC=(FUV)N(UUYV).

We now apply EN(KUL) = (ENK)U(ENL) for E=FUV,K=U,L=V. We then have:
(FUV)N(UUV)=((FUV)NU)U((FUV)NV).
We now apply distributivity:
(FUV)NU)U((FUV)NV) = (FAU)UVNU)U((FAV)UVAV)).

We now see that FNU C V,by assumption. Clearly VAU CV and FNV CV. Moreover
VNV =V, hence the above is V, as desired. We thus have showed that:

V=(FUvV)n({UuV),

where FUV € F, UUV € N,. Therefore, V € G, as desired.
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A De Morgan Laws

Lemma A.1. Let (V;)ier C X be an arbitrary collection of sets. Then:

1. X\ (UV,) =NEX\V),

i€l iel

2.x\(w) = Yo\

icl icl

Proof. 1. ye UV, < diel:yeV,. Thus, the negation of this reads:
icl

y§ZUVi < Viel:y¢gV,.
icl

Now using that all the (V;);es are subsets of X, we have:
y€E (X\ (Uv,-)) = Viel:ye (X\V).
il
But by the definition of intersection:
Vicl:ye (X\V,) < ye (ﬂ(X\Vi)> .
iel

Thus, we have, as desired:

refolg)) =oelomm)

2. yeNV; < Viel:yeV,. Thus, the negation of this reads:
il

yZ(\Vi <= Jicl:yg V.
iel

But since all the (V;);es are subsets of X, we have:

yE <X\ (ﬂv,-)) < Jicl:ye (X\V).

icl

Using the definition of union on the RHS of the above equivalence gives the desired result:

refl@e)) =oelum)
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Corollary A.2. Let (V;)ien € X be a finite collection of sets. Then:

i=1

1. X\ (igvi) = ﬁ (X\ Vi),

n n
2 x\(fiv) = Oexvw
i=1 i=1
Proof. Nearly trivial. Let I be a finite set of cardinality n. Then apply lemma A.1. []

B Injective, bijective functions

Lemma B.1. Let X,Y be sets and f: X — Y be a bijective function. Then g:X — Z,g(x) := f(x)
is injective for all Z DY .

Proof. Suppose g is not injective. That is:
dryeX:glx)=g(y) #x=y
But using the definition of g, this translate to:
yeX: flx)=f0)#Ax=y
which contradicts that f is bijective. Hence g has to be injective. [
Proposition B.2. Let f:A —Y be a function and let X CY. Then A\ f~'(X) = f (¥ \X).
Proof.

ac fIY\X) <= fla) eV \X <= f(a)¢X <= ag¢ f (X)) < acA\f(X).

C The axiom of choice

Definition C.1. Let (H;);e; be an indexed family of sets by the index set I. Then, their cartesian
product is defined as:

HH,‘ = {f I — UHz|f(l) € HVie I} .

i€l i€l

To gain some familiarity with this abstract definition, let us write it out explicitly for finite products:
n n
[1H: = {f:{l,...,n} — | JHilf(i) e Hy,i = 1n}
i=1 i=1
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Let us see how it relates to our intuition, namely what we know about cartesian product of two sets:

2 2
[1H: = {f: {1,2} = (JHi|f(i) e H,i= 1,2}.
i=1 i=1

Recall, our intuition says:
H| xH):= {(hl,h2)|h1 €eH,h e Hz}.
Now let us show that our intuition is in bijective correspondence with the abstract definition. To this

2
end, we define a map from Hy x H, to [] H;.
i=1

2
v H xHy = [[Hi, w((hi,h)=f: f(1)=h, f(2)=ho.
i1

[ts inverse reads )

v [H = HoxHy, w7 () = (1), £(2))-

i=1

They are indeed inverses of each other, as:
(v~ ow)((h,h2) = v (W((h,h2)) = W' (F) = (f(1), f(2) = (1, h2) = Y~ "oy = idp, s

(wow NN =wlv (N =v(F).fQ)=f = woy ' =ida .

We now come to the axiom of choice, which we need, in order to guarantee that products of non-empty

sets are non-empty.

Axiom C.2. Let (H;);es be an indexed family of non-empty sets, indexed by an index set I. Then
[1H: # 2.
icl

Definition C.3. The projection to the i-th factor is a map defined as

pri: [[X; = Xi, pri(f) == f(i)

jel
Remark C.4. The above is well-defined, as the definition of the product assumed that f(i) € X;.

Theorem C.5. Suppose the axiom of choice holds and (X;)icr is an indexed family of non-empty

sets. Then, the projection maps pr;: ] X; — X; are surjective.
jeI

Before proving this theorem, let us consider a concrete example, to get familiar with how this

abstract definition of products works, and why the projections are surjective. To this end, consider:

1={0,1,2},Xy ={0,1,2,3}, X, = {a,b},X, = {a,0}.
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Then, the product space:

2
HX,- ={f:{0,1,2} = {0,1,2,3,a,b}|f(j) € X; for all jeI}.
j=0

2
The axiom of choice tells us that there exists F' € J] X;. Without loss of generality, we can assume
j=0
that

F(0)=0,F(1)=a,F(2)=a.
We then have:
F(0)=0 ifi=0,
prilF)=SF(1)=a ifi=1,
F(2)=a ifi=2.
Now, by existence of this F, we claim that we can construt all other elements, which are needed to

make pr; surjective. We do this procedure for pry first. Since F exists and 1 € Xy, we can define:

1 ifi=0,
F(i) ifi=1,2.

G:{0,1,2} —{0,1,2,3,a,b},G(i) =
Clearly, G is well defined, as G(i) = F(i) € X; if i =1,2 and F(i) was well-defined by the axiom of
choice. Moreover G(0) = 1,1 € Xy. We then have:
pro(G) = G(0) = 1.

So far we have that the existence of F allowed us to construct a function G, so that pry(G) = 1.
2

Hence, we have pro(F) =0, pro(G) = 1. We still need to find functions H,K € [] X; using only F, so
j=0

that pro(H) =2, pro(L) =3, if we want pry to be surjective. We can do this, since we can define:

2 ifi=0,
F(i) ifi=1,2.

H:{0,1,2} —{0,1,2,3,a,b},H(i) =

Clearly, H is well-defined, as F was and H(0) =2 € Xp. Thus:
pro(H) =H(0) =2.
Similarly, we define K as:

if i =0,
F(i) ifi=1,2.

K:{0,1,2} —{0,1,2,3,a,b},H(i) =
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Clearly, K is well-defined as F was and K(0) =3 € Xp. Moreover:
pro(K) = K(0) =3.

We conclude, that we could make pry surjective, since:

2
VyeXo:IM € HXj : pri(M) =
=0

Or in more detail:

2
3eXo, Ke[]X;:pro(K)=3;
Jj=0
2
2e€Xo, He []X;:pro(H)=2;
Jj=0
2
1eXo, Ge[]Xj:pro(G)=1;
Jj=0

2
0€Xo, Fe[]X;:pro(F)=0.
j=0
This can be compactly written as:
pl’o({F,G7H,K}) = XO~
Similarly, by the existence of F, we can make pry surjective aswell. So far, we have that:
pri(F)=F(1)=a.
Now we can define L as:

F(i) ifi=0,2;
b ifi=1

L:{0,1,2} —{0,1,2,3,a,b},L(i) =
Clearly, L is well-defined as F is and L(1) = b € X;. Moreover:
pri(L) =L(1) =b.
2 . . . .
Thus, we found F,L € [] X;, which make pry surjective. That is:
j=0

prl({F7L}) = {avb} = X.
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Finally, to make pr; surjective, define N as:

F(i) ifi=0,1;
0 ifi=2.

N:{0,1,2} = {0,1,2,3,a,b},N(i) =

Clearly, N is well-defined as F is and N(2) =0 € X,. Moreover:

pr2(N) =N(2) =0.

2
Thus, we found F,N € [] X;, which make pr, surjective, namely:
j=0

prz({F,N}) = {a,O} =Xo.

2
We conclude, that having the existence of F allowed us to construct all other elements of [] X;

j=0
needed, in order to make all prgy, pri, pra surjective. This is what we will do in the more general case.

Let us thus start the proof of theorem C.5

Proof. Let a € X; be arbitrary. We are allowed to do this, as X; are non-empty by assumption. Then,
by the axiom of choice, we have that there exists f € [] Xj, i.e. there exists a function:
jel

fI=\JXi, fliyeX; Viel

iel

We can now define a function g as:

. fl) fjelj#i
g: 1= X, g(j)= _
el a Ifi:j.

The thus defined function g is well-defined, that is g € [T X}, since g(j) = f(j) isin X; forall je1,j#i
jel
and g(i) = a € X; by assumption. Moreover, we have:

pri(g) = g(i) = a.

Since a € X; was arbitrary, this concludes that we can always find g € [] X, so that pri(g) = a, that is:
jel
pri is surjective for all i € 1. [

We can say even more, the converse holds aswell:

Proposition C.6. Let (X;);c; be an indexed family of non-empty sets indexed by I. If the

projections to the i-th component pr;: [ X; — X; are surjective for all i € I, then the axiom of
jel

choice holds.
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Proof. Suppose the projections pr; are surjective. Then for each y; € X;, there exists f € [1jerX;, such
that pri(f) =y. As X; is non-empty, there must exist one element in [];c;X;, hence the axiom of
choice holds, as desired. []

Hence, we can formulate in a compact way what we showed:

Theorem C.7. Let (X;)ie; be an indexed family of sets indexed by I. Then the axiom of choice

Is equivalent to the projection maps pr; being surjective for all i € I.

There is a technical remark: the index set need not be non-empty, but each of the sets in the
collection need be non-empty. This follows from the fact that the function f: @ — @ is an element of
the product always,so the product is non-empty. In some more details, the function f: @ — @ is a
relation on @ x @ :={(a,b)|a € @,b € I} = &, where the last equality holds as there are no elements
in the empty set. So the product indexed by an empty set of non-empty sets is always non-empty,
contains this one function f: @ — &. Moreover, there is another statement, which follows by the
same logic as before, but not related to the axiom of choice: the arbitrary non-empty product of
empty sets is empty. This has nothing to do with the axiom of choice, as there the elements in the
product are assumed to be non-empty.

D Equivalence relations

Definition D.1. A binary relation ~ on a set X is called an equivalence relation, if it is:
1. reflexive: Vx € X 1 x ~ x;
2. symmetric: VxeX :x~y = y~Xx;
3. transitive: Vx,y,z€ X :x~y,y~7 = X~ Z.

The tuple (X,~) is called a setoid.

Terminology: If x ~y, x and y are said to be related.

Remark D.2. Several sources usually require for symmetry <= instead of —> . However, the
two are equivalent, because it holds for all x,y € X. Letting X' =y,y' = x, we obtain the converse

in our def, so it is <.
Definition D.3. Let (X,~) be a setoid and a € X. The equivalence class of a under ~ is the set
[a] == {x € X|x~a}.

The elements of an equivalence class y € [a] are called representatives.
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Definition D.4. Let (X,~) be a setoid. Then the quotient set X/ ~ induced by ~ is the set of

equivalence classes, I.e.

X/ ~i={[x] |x € X}.

Definition D.5. Let X be a set. A set S C P(X) is called a partition if:

1L.VX,X€8: X1 #X, = X1NXx =9,

2. U Xi=X,
XieX

3.VTeS: T+#02.

Theorem D.6. Let (X,~) be a setoid. Then the quotient set X/ ~ forms a partition of X.

Proof. We check that each condition of being a partition is satisfied. We start backwards:

1.

Each equivalence class is non-empty, as [x] contains at least x, so is non-empty. This clearly

holds, as x ~ x by the reflexivity.

We show that the union of all the equivalence classes is the whole set. We now claim that:

U[x] =X.

xeX

To see that these two sets are equal, we prove both inclusions:

(a) X C U [x]:let y e X. Then, clearly y is in some equivalence class [x], namely in [y], which
xeX
holds by reflexivity.

(b) Ux]<SX: letye U][x]. Then yisin [x] for some x € X. Since equivalence classes are
xeX xeX
subsets of X, we have that y € X.

Finally, we show that equivalence classes are disjoint:
[Xi] # [Xo] = [Xi]nX]=2.

We will prove this by contrapositivity. Suppose the two equivalence classes are not disjoint, that
is:
XN [X] # @.

We then have the chain of equivalences:

[X]]Q[Xz]#g <~ E|ZiZE[X|]ﬂ[X2] <~ E|Z:Z€[X1]/\Z€[X2] <~ dz:z2~ X1 N2~ Xy

—= i Xy~ hi~ Xy = (X = (X))

Thus, we showed that if [X;]N[Xz] # @, then [X;] = [Xp]. Clearly, then [X;]N[Xz] # @. This

finishes the proof by contrapositive.
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O]

Lemma D.7. Let (X,~) be a setoid. Then two equivalence classes are equal, if their representa-

tives are related, i.e. [x1] = [x] < x| ~x2.

Proof. "=": Suppose [x;] = [xz]. Then x, € [x1], and by definition of [x;], we have that x| ~ x,.

"<=”: Suppose x| ~x;. Let ¢ € [xp]. Then, clearly x, ~ ¢. By transitivity, we also have:

X] ~Xp,Xp) ~C = X| ~C.

Hence ¢ € [x;], that is [xp] C [x1]. On the other hand, let d € [x;]. Then, clearly x; ~d. By symmetry,
we have d ~ x;. Using transitivity:

d~x1,x1~x) = d~x;.
Finally, using symmetry x, ~ d, which implies d € [x;]. Thus, [x;] Cx;. Hence, [x;] = [x2], as desired. [

Lemma D.8. Let ~x,~y,~z be equivalence relations on sets X,Y,Z. Let f: X —Y,g:Y —Z

be set maps inducing well defined maps on the equivalence classes:
FiX/x =Y/, F(IHx) = [F(R)]ys

8:Y )y 2 Z/nyy EDly) =18z

Then go f: X — Z induces a well-defined map gfg}”:X/NX —Z/y, go f([xlx) :== [(go ) X))z

on the equivalence classes. Moreover, g/c:} =gof.

Proof. f,g are well defined, that is:

F(Pailx) = f(lalx) if 21 ~vx x5 @(nly) = &([valy) if y1 e~y y2.
This can be rewritten as:
x1~x 2 = [f)ly = [f()ly, 1~y = [80n)]z = [8(n)]z.
Or using lemma D.7:
xp~x x2 = flx) ~y f(x), yi~yy2 = gn) ~z 8(v2)-
We now want to show that go f is well-defined:
xp~x X = (go f)(x1) ~z (g0 f)(x2).

To see this, consider:

(gof)(x1) = g(f(x1))-
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Since x| ~x X2, we have that f(x;) ~y f(x2), by well-definedness of f. Denote y; := f(x1),y2 := f(x2).
We then have:

g(f(x1)) =gn)-
Since y; ~y y2, using the well-definedness of g:
g1) ~z g(2)-

Unravelling the definitions of yq,ys:

g(f(x)) ~z 8(f(x2))-

Or equivalently:
(gof)(x1) ~z (g0 f)(x2),

which shows that gfg} is well-defined. Moreover, we have:

go f([xlx) = (g0 @)z = [g(f())z = &([F®)]y) = &(F([xx)) = (g F)([x]x)-

Hence, we showed:

gof(lxlx) = (§of)(xx) = gof=gof,

which finishes the proof. ]

D.1 Set theoretic quotients

In the previous chapter, we defined quotient sets. We now want to show that the quotient set satisfies

a universal property.

Theorem D.9. Let (X,~) be a setoid and define p: X — X/ ~,p(x) := [x]. Then:
1. The fibers of p are the equivalence classes of ~ and p is surjective.

2. If f:X —Y is a map constant on the equivalence classes of ~, there exists a unique
induced map f:X/~—Y, such that f = fop.

Proof. We will do the proof in two steps, as was stated in the theorem.

1. First, let us show that the fibers of p are the equivalence classes of ~. To this end, let [y] € X/ ~

be arbitrary:

p (D) ={zeXple) =D} ={zeX: =D} ={z€X:z~y} =],

where in the second equality we used lemma D.7 and in the last equality we used the definition
of equivalence class. This concludes that the fibers of p are equivalence classes of ~. We now
show that p is surjective:

Ve X/~ xeX: p(x)=[y.
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By definition of p, we have: [x] =[y]. So for all [y] € X/ ~, we have to find x € X, such that
[x] =[y]. By lemma D.7 this is equivalent to finding x € X : x ~y. Now, by reflexivity, we have by

setting y = x that y ~y, which concludes surjectivity.

2. We will divide this proof aswell into two parts: showing that there exists £, which satisfies the
property, and then in the second part we will show that it is unique. First, we have to show that
there exists f: X/ ~— Y, such that f = fop. To show this, we define f as:

X[ ~=Y, f(l4]) = fx).

£ from above is well-defined, which follows from f being constant on equivalence classes:

FE) =fx)=f0) =70 if x~y <= =Dl

Moreover, f defined as such satisfies the property f = fo p, since:

(fop)x)=F(p(x)) = F(lx]) = f(x) = fop=F.

We now come to uniqueness. Suppose g: X/ ~— Y is a map, which satisfies f = gop. We then

have:

f(x) =(gop)(x) =g(p(x)) = g([x]).

However, recall that we showed f was defined:

which concludes the uniqueness proof.

]

Remark D.10. We see that the constancy of f on equivalence classes is a requirement, which is

needed in order for f to be well-defined as a map on the set-theoretic level.

A nice counterexample is the following: consider X =R, and x ~y <= y—x € Z. Now take
Y =S!. We could define f as:
iR/ ~=SY F(1]) =™

However, this map won't be well-defined, as 0 ~ 1 <= [0] = [1], but £([0]) = 1, f([1]) = " = —1.
We can fix this by defining f as:

FiR/~—=SY F([x]) := ™™,
This fixes the issue, as if x ~y, we have that x —y € Z, which implies:

f([x]) _ e4ﬂ:ix —1. e47rix _ e47ri(y—x)e477:ix _ e47riy _ f([y])
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