CHAPTER @  MATRIX AIGEBRA

Aof () Matrices

A rectangular matrix [A] of order mxn is

~

a a eeseenconeoc ool
(4] = [a;,] = | 1t 712 tn

a21 322 eeceveenceoe 82n

aml amz Poeoesvosoo amm

= /

where a4 3 1s the element at ith row and Jth column,
If m=n, it is a square matrix
If m=1, it is a row matrix

If n=1, it is a column matrix.

Q.ZQ Row and column matrices
Row matrix |A ] = Lall a5 al3 By overe by
= & \
Column matrix {A} ( qll
821
4 ajl \
{ 8n1 y
§\3 ) Addition and subtration of matrices
- ’ ’ r ) T I
P11 %12 | P11 blZ] S| f11TP R TRy
851 B22 Poq bzzj 821%b, Ay, +b22j
Commutative ILaw (4] -{38] = -[5] = [4]

Assoclative Iaw (fA]-i-[B})-—[C} = [A] + ([rj‘icj/\
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Scalar multipliers

A matix of order one by one is a scalar. Scalar is

a quantity.

Iet k be a scalar (a number), then

k[A] = kall ka12 680 eo0noeens kaln

kazl kazz 2000696608 kazn

kaBl
_kanl kanz 'oo'-oooouu kann—
Example:
Ir [A] =|1 5 Bl=[2 4| [cl=[1 -1
Wef g Wl oA e
Then

2[a] + 3[B] - 4[(:‘]:[23 33}: 2[12 1%}

Matrix multiplication

[C] = '[ A ] can be written in detaill as
2x2 2x3 B
3x2
c c a a a rb b i
11 12 _ | %11 12 "13 11 12
21 C22 821 822  8p3 b2y bop
b b
1 2
BECENRECY
where'
2[;;(% = | (a11b1q%a 205, + 214037)  (ay1Dyp+ &, ,b, % 21 4045)

21 12

b, . + + |
(az1 11 azzb21 a23b31) (a.. b, .+ a22b22+ a23b32)

If matrix [A] is of order mxp and matrix [B] is of

order pxn and matrix (C] i1s the product of matrices

(A7 and [B], " matrix [€) is then of order mxn.



Trha term Cij is obtained by the formula that
7?3

= ailblj+a12b23+a13b3j es 08000 +aipbpj

'?yé‘ “ortran Statements for Matrix Multiplication

For [c] = [a)x[B] . Wwe write
M=l MxL LxH ' :

MENSTIUN A(100,100), B(100, 100), €(100,100)
input matrices [A} and [B]

f
.
=

DG 10 I

DO 10 J

C(1,7)=0.0

DO 10 K =
10 ¢(1,J) =

Il il

1,

1N
1,L
C(I,J) + A(I,X)*B(K,J)

Lisgram Explanation of Matrix Multiplication

it [a] =

1 2
0 1
1 1

Rror

]

N
OO
O~ 0
—_—

o'

——
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wWoMOR g
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PR SO E
N OVW R o=

and  [c¢] = [A] x [B]
3x5 3x6 6x5

we can write the multiplication procedure in the
following diagram form:

4 2 14 7] L |
(3] 1 2 2121
[ ] [ ] 0o 6 gi 1: 2
A c |- 2 1 Lii3la
0O 2 1! 6| 4
§§§m§\ ER 1} 2{ 2
- 12 1 -1 1 o] _[4a3 shshi])
0.1 0 2 03| 8T L11[i0] 5]
R 1 1 1 1 0 0 17 11 101137178
For example; Cop = ig.aZKbkh = 10

IRl S I S




Some notes for matrix multiplication

Matrices are in general not commutative in multi-

plication: <
8 7
6 9

[a)0Blx [B)[4]
Example: [A] [B] i] [i :

, - unequal
N

2] 3]

11 Two matrices [A] and [B] can only be multiplied
together if they are conformable, i.e.,

=

[}
—
W
| W—
]

i
—
LAV

“The number of columns in matrix [A) must be equal
to the number of rows in matrix (B]"

(A] X [(B] = [c] if andonly if P = I.

MxP LxN MxN

(al [B)] (c] = (D] 4if and only if Q = R and
MxP LxQ RxN MxN . P = 1.

where [C] is premultiplied by {B] and [B] is
pre?ultiplied by [Al, [A] is postmultiplied
by B]a

The matrices are associative in multliplication

(a1(B]J(c] = ((aMB]) [c)= (a]((BI[C])

[
s
o

|

Example: [A] = [1 -1 1J (B] = [1 -1 0
, 2 0 1 0 1 -1
11 1

[c] =[1 o

0o 1

101

(tal(B])(c]

]
/T
W N
11
==
=N
| SEN—

(4] ((B1lc]) = [% -1 i]




2~?’ Transpose of Matrix

Interchange the rows and columns of a matrix [A],
" Wwe obtaln the transposed matrix [A]T.
. T
([AT7) = [A)
T T T
[A]7 + [B3 = ([a1+ [B))

. T
If A = =
(A] 8, &, then [A) 811 8 8y
821 %22 812 8y 23
831 85

For [A] and [B], [A)[B] are conformable
MxN NxL

NxM

/
/

p

But for C(A]T and ([B]", [B]T[A]T are conformable
Ix T T '

[A]7[B]" are not conformable.

Hence we know that
(a13DT % [a)%8)"

T T T
Derivation of the formula that ([AJ[B]) = (B) {a]

| 37 cofumn '7 !
!
| l
8] V| e column T LA
.
: | o
Ath row { ‘ 5? !
5 . |
A ___-_”_#__ |
— C .
[A] (c) | i |
d%tbw |
T I
(8] e
- |
N ] ;%____
It is defined that (?d\

T T FL
[cC)= [ AlJ[B] and [D] = [B][A]

From the figuie it is seen that Cij = dji’ or in

general (D) = [C]T




It is therefore shown that
T
([A) BJ) [B] [A]
the equation can be generalized as that

((a)tB1rc1on® = 03%c3 e ag"

Example: If [A]= [2 1 0] and [B] = [1 0 1 1
1 2 1 1 1 0 =1
0 1 -1
: T
and if [C] = [a](B],find [C]
We have two solutions for this problem,
Solution 1 [c]= [A][B) =[2 1 o][t o 1 1
1 2 1|1 1 0 -1
- 0 1 -1 0
= [3 1 2 1
3 3 0 -1
Therefore
tAT L
le]> =13 3
1 3
2 0
1 -1
Solution 2
1t = @1T@jt=1 1+ o[z 1
0 1 11 2
1 0 -1{|0 1]
1 -1 0
=13 3
1 3
2 0
1 -1
'2‘8 Special Matrices
(a) Square latrix: If m =n for fA] , then [A] is a
X1
square matrix.
For symmetrical matrixm 8,5 = 8y and [A] = [AJT
For antisymmetrical matrix, 83y = =8y and [A] = —[AJI-

(b) Null Matrix

aij = 0 for all 1 and j.

(c) Diagonal Matrix ( restricted to square matrix)

aij =0 for 1 % j and 83 4 X 0 for 1 = J.




Thus a dlagonal matrix is in the form that

-;11_ 0 0 0 0 ]
0 855 0 0 0
0 0 333 0 0
0 0 0 a44 0
._O 0 »O 0 a55-
If [A] is a diagonal matrix and [A]{x} = {C}, |

what 1s the solution for the unknown vector {x}?

(d) Unit Iatrix ( Identity Matrix) [I]

aij = O; for 1_% 3 244 = 1 fo{‘ 1=}
[I] =1 0 0o o0 o
0 1 0 0] 0
0 0 1 0 0
0 0" 0 1 0
0 0 0 0 1
(a)[z] =[], [z1][a] =[4]

.(e) Scalar Matrix:

Scalar matrix is a special form of diagonal matrix,
It is a diagonal matrix when 8y = B4y = all = a5,

= 8.33 = aLm = Leessreo0 = coOnstant,

For example, 4 o 0 0 ©
O 4 0 0 0
0O 0 4 0 0 =4[I]
O 0 O 4 o
O 0 O 0 4

(f)‘ Triangular Matrix ( Restricted to Square latrix )

Upper triangular matrix: aij 0 for 1 greater than j.

2 1 1 7
0 2 9 0
T 0 0 3 8
0 0 0 1
Lower triangular matrix: aij = 0 for 1 smaller than j.
0 0 o0
1 3 0 0
5 3 9 0
2 3 7 1



2.9 - Matrix Partition (Submatrices)
The array of elements in a matrix may be divided into
smaller arrays by horizontal and vertical dash lines. Such
matrix 15 then refered to as a partitioned matrix, and the

smaller arrays are called submatrices.,
- _ - ! - _ ro— l .
LA} = | %11 212 | 213 | T | Al A,
et e
821 8pp | 823 Aoy | Aon
________ _i_._._— —
a

_éBl a32 E 33 |
[A11] = 1811 212

a21 8.22 a23

A = a a ; and A = a
 Garnitpt]T Lo %2 2 T
oA /ﬂTansformation Matrix [T]

-

where

—i
=
}_A
N
—
]
j\Y
H
W

V) l

For example, the transformation matrix for

Y

coordinate transformation 1in a plan ,

can be derived as follows. /
an . ; ] ' / X
Assuming © 1s,angle that the O PTIN
N

coordinates (x, y) rotate, then

N

x' = x cos® + y sind : )

y' = - x 8in6 + y C0s0 _ EYQW(P}Q &\4

or (x' cos® siné x X 3-D Coo relinato
{ } ] v Trawstormatyon

-sinG cos® y

S p—

~ 2./£>’ Orthogonal Matrix ( restricted to square matrix)

If [A]"l = [A}T; matrix [A] is an orthogonal matrix.
-1
Advantage: If matrix [A) is orthogonal, [A] = can be
obtained simply by transposing [A] without

lengthy calculation for inverting.



1r (a]7F = [A]T, then [a][a]T = [1]
Assuming that [a] =]ay; a1, 213
221 B2z 23

831 %32 %33

— - — r
0
241 a12 a13 all a21 a31 1 0
831  8pp Byl |212 By B3 |7 90 1O
a Ca a a 0 0 1
%31 %32 %33 |P13 f23 f33 ) | ]
Multiplying out, we obtain '

a2 + a2 +‘a2 =1 a, . a + a a + a a =0

%1 %2 13 11 “21 12 22 13 “23

2 _ —

a21+ aso + a‘23 =1 anq a31 + 850 a32 + a23 a33 2 0

2 . .2 — _
a3q¥ a3y + 834 = 1 a31 all + 832 845 + a33 al3 = 0

Thus we reach the following conclusion:

Condltions of Orthogonalitj

l The sum of the squares of each term in a row
must be equal to unity.

2 The sum of the products of each palr of
corresponding terms in two rows must be
equal to zero.

Example: Show that the transformation matrix derived for

coordinates rotation in the previous section 1is

an orthogonal matrix., [T )= | cos® sind
-sin® coso

We check the matrix by the two conditions of orthogons

1 Summation of Squares cos?e + sin26 =1
’ ' 5 5 0.K.
(-sin®)“ 4+ cos"©9 = 1
2 Summation of products
~ 5in® cos® + sind cosd = 0 0.K.

We thué conclude that the above coordinate trans-

formation matrix is an orthogonal matrix.
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2.F2 . Determinant (restricted to square matrix)
A determinant of a square matrix (A] 1s a scalar
. mxm
value function denoted by
det [A] = IA | = all 8-12 ® ® ® ° alm

2./2.1 Minor and Cofsactor

The first minor of a determinant det[A], corres-
ponding to the element aij’ is defined as the determi-
nant obtailned by ommision of th2 ith row and jth

column of det[A}. Let us denote this minor by ﬁ&j.

Example: If |A]= 123579
Ly

i 2 3 3 <

2 1 2 1 2

3 4 3 4 3

the first minor for a32 is defined as

f’fB 2 =

w DN
W N OV
£ @~
(W SN SIVG)

— 1+
If the first minor Mij is multiplied by (-1) ,

it becomes the cofactor of the term aij' Thus
— B i+ —
Example:

_ 3+2 _

W N O\
£ o~
W N N0
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Expension of Determinant ( Laplace Expanstbon Formula)

The determinant of a matrix Al can be found by

the repetitive use of the Iaplace Expansion formula:

m —_ .
det [A] = 21 &y, A, (i can be any row and i is
mxm k=1 not to be summed)
or
. m
det Al = 2> a | K ( 3 can be any column and
g k=1 kI kI j is not to be summed)

det[A] is written in terms of the sum
of the products of the elements in the ith row ( or jth

column) and their corresponding cofactors.

a /

Example 1 all a12 13
detE&j = |a,, 2,, a23 = a, R, +ap, A12
+ A
as %32 235 | . 813 A3
o c1+1
=a;; (-1) 22 %23
a32 833
1+2
+oa,(-1) 21 %23
1+3 LIRS
+ay5(~1) 8s9 8,
a3 a32
= 2111822 fp5]7 B12|P21 Z23|T P13)%21
832 a33 a31 833 l,3.31
141 142
= allaze(—l) a33 + allaza(—l) 250
1+1 1+2
_a12a21(~1) a33 - a12a23(—1) a31
+1 1+2
oD e (-1)




= ay,8p5854 * 8158238y, T 21382183,
- a13a22a31 - a11a23a32 - 84281833
In other words, the above operation is in tle

following "fgmiliar" diagram form:

3

Example 2 Find |1 2 g
3 01
o 1 1

By the dlagram method

3 . H
0=1+o+9—0—0«--6=4
1

owr
N

Or by the ILaplace expansion formula

1 2
301 3! - -0 1 ol #+ 2(-1)31 3 ol
001 1 | 1 1 0 1
Ll' '
+ 3(-1) ‘ 3 1‘
| 0 1
. ll ol - 213 o‘-r 3‘3 1\
11 0 1 0 1

L1171+ 0 = 2:3(-1)%e1 + 3e3(-1)%01

s 3019340
=MI;;Q6;¥L§IM
N

]

12
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Properties of the Determinant

1 The determinant of a matrix and the determinant of
the transpose of that matrix are equal, ’A, = }AIT

(D] = [a)) 8

3 Interchanging any two rows or columns changes the

joo

sign of the determinant.

=

If all of the elements in a row, or a column, in a
matrix are zeros, the determinant is ZEero,

2 If two rows or two columns in a matrix are identical,
the value of the determinant is zero. This is s

sufficient conditlon, but not a necessary condition.

For example, | 1 1 1
a 2 3] =0
3 2 1

JoN .

If matrix [B] is obtained from matrix [A] by adding

a multiple of one row of [A] to another ( or s

multiple of one column to another), then ,A‘ = lBl,
Example:
' Al =1 1 2] = 4
2 1 1
1 2 1

If the second row is replaced by the sum of the
second row and twice of the first row, Wwe have
|Bl=|1 1 2| = 4 = 4
L 3 5 .
1 2 1
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2 l3 Matrix Inversion (restricted to square matrix)

We are going to cover three methods for matrix inversion,

2./13,] = The Adjoint Method

1 Definition of adjoint matrix:

Adjoint of a matrix (A], written as adj[A] is of
mxm

the following form,

A

1
>l

11 21
12

ml

>
|

22 ] ] ® L] | ] ] ° K
adj[a] =

v o © e
® ¢ ® S

""[AiJ]T
Alm'KZm.......X

mlIl //’

e

where the adjoint matrix, adj@@], is defined as the

transpose of the matrix of cofactors.

Example: If [A]l= [1 2 1|, find adj[a]
3 0 1
1 1 2
First form cofactors: 11 = -1; 312 = -5; A13 = 3;
Ayl -3 Aoy = 15 Apg =15

Hence adj[A] = (-1 =3 2
. ?

-5 1 2
3 1 =6
20302 _ Derivation of the Equation for Matrix Inversion

The inverse of a matrix [A], expressed by [A]—l,

is defined such that
[4][a)7H= [1)
First let a matrix [P] of order mxm be defined as
(P) = [A)adj[a] -------- ()
The term at the 1th row and jth column of the matrix [P] 1s

m
Pyy = Elaik Ay eemme -2 (2)




m 15

If1=J, p,.=p = 3 a A =det]a
N 11 1x ik 1A]

k=1
which 1s precisely the Iaplace expansion equation for
finding the determinant.
hus = = 6seeoees 009 = =
T P1qg T Ppp = P3y Prn = Al

If i%j,.pij— ElaikAjk_o
The proof of pij = 0 will be given subsequently,

From the above explanation, 1t is readily seen that

[A] All zeros
(2] - .

All zeros

i i
(7] = {ai[z] -------- ()

Substituting equation (3) into equation (1),
(2] sasfa] = [a][1]
- adj ]
[+ ] A T (1]

Multiplying both sides- by [AJ”l

QICIOEEALIES

l—'\‘ \

A
Finally we arrivedlaL the equation for matrix inversion,
(4= S
det [ A ]

Example: Inverse the matrix A as defined in Section 12(a)

dj[4] -1 =3 2
V[A]-l = _:i;ﬁ;l.= -5 1 2;]{-(-8)
b det [A] 3 1 -6
[

|0 o oo

oopw o o=
o) ooi]x—‘ oo
]

4
|
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Proof that = 0 when 1 ¥ JJ

. pij
Let [A] be & 3 by 3 matrix, we can evaluate py 4 for

both cases that 1 = Jand 1 ¥ J.

case 1 for 1 = J =1,
3 - — — —
. o= B = + -4+
Piy & Py ﬁé& a1 A T Bt T B2t T B4R,
=a.. | a- - +
Fat iz Bag| T B | 21 %23 T P13 %y %2z
=) a a a a a
|32 33 31 733 31 732
a a a
11 12 13
o= t /
det 851 a22 a23
8y, 23 a33
case 11 for 1 =2% j =1
3 - _ _ —
= == > L= -+ +
Pyy TPy T & 8y Ay T apihyy Fagphip ToAashas
= a. - + .
a
#32 833 %31 %33 31 %32
%21 %22 P23
= detla = Zero

21 %2z Py
!

#31 %32 %33

Since the first row and the second row are identical,
we conclude that pij'= 0 for 1 X J.

In general, to evaluafé;§i§:ﬁith 1 ¥ J is equivalent

to finding the determinant of a matrix with two identical

rows of elements aik with ¥k = 1 to m.

4
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2.[3,3 Gaussian Elimination Method (Gauss-Jordan Method)

This method can best be explained by a numerical

example, Let it be desired to find the inverse of the

@

matrix (Al=]2 1 1
1 3 1

‘ 1 1 4
The matrix [A] and an indentity matrix [I] are both

subjected to the following elimination procedure simultan-

eously.
Yow llnaf}'/'X [A] [I] procedure. —
/ ‘Z / / / 0 o
2|\ /| 3|/ o/l |O
3 ]/ /! |4 | o) O/
417 |5 || =] oo + x (first row) N
slolsel |-l /.| o] 2% row = 27 row
6 o\ Ve | |- ol ! 3 row = 27" row
7 o | / el -Ys| 2/5| O 0%0 ( 51h row)
81 ol 0|7 “%é'j@ / ~é(?ﬁfﬁw)%'é*bmw
» 710 I || Y 2| B x 87 row
10 )| e | O |15 V39| ~SBe -5 (‘?W’fow) —+ 2™ royy
s | 1| o1 | o | U Tz £ row) + 77 row
i ;o Lo | E T Uy “é(”M“’W) + 10" row

If we choose 12th, 11th, and 9th column, respectively,
wWe have .

/| o|o Ve VAN
ol /|0 3 AN
ol ol 1173|7793
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The above process is equivalent to that
{[A] [4]7 = (1]
[x10a)™ = (a7
Therefore the inverse of the matrix [A] is obtained
| (11 3 -2
-3 7 -1
-2 ~1 5

=1 _ 1
(4] = 45

~

The use of matrix inverse:

Solve the following simultaneous equations

2x1+ xz-l— x3 = 3
+ ={ =

xy + 3Xé xb 2
Xt % 4x3 =\ =6

‘In ﬁatrix form

2 1 1 Xy 3
1 3 1{{xy= {-2
1 1 L Xq -6

Hence xl 11 -3 -2 3
1
X S -1 -2
> 1o 3 7
p'e -2 -1 5 -6
3
Finally X, 3
x2 = -1
X -2
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2413, Cholesky Scheme

Inverte the matrix [A]
L 2

8
A= 13 2 3
(4] 2 2 3
2 8 s

W N O

We have the following three steps:

Step 1 First defining

[T] : an upper triangular matrix with diagonal
terms equal to unity

[L] : a lower triangular matrix
Find [L] and [T] such that [a] = [L][T]

o [A] [L] [T] '

gz 8 160,00 o |/t %s %
sle 3|20l ol ool %k
¢ 15 7|34, 25, ’@3 0| 0|/ %

2 |85 |2 Lo NGy s | Ky 010 L0 ]/

Evaluate the elements in matrix A in column-wise
~direction

15t column: 4=4, 5 3354, , 6=l ? =4y,
, ,

2 = 'Q/I %:/2 ) i_';z 22

2 = Lyt t = 2 5

L = ﬁi’/ t/Z 7L»€32 = 3—/~£,2 ; ’Qj' =2

8 = 1%43@2‘+-@2 = )4 £ | :‘7

5= Ly %5 %y =2

» - ) ; )

]

an CO/umn
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Thus we have

[A] [L] [T
212 18 lell 4| o0l oo |t 7|23
3213l | %|lo|o o]/ ]|76]|F
6 ls |4 |36 |2 |40 oo ]|/
- e ls |2 27 |#3|-9]o]o o]/
-1

Step 2  Derivation of [A]
(2] = [2][r]
(allz]™t = [£](r]lz]™* = (&)[1] = [L]
()] = (AT )
[T]‘l = [a] L) -=----- (1) o
If we can find [T]—l, we can find [A]-l from equation (1)

Step 3 Find [‘I‘]m1 .through the decomposition procedure that

[o)le]™ = [1]

-1 N
[T] [T] [1]
/ VZ 2 ¥z <y Yo | Y3 Y / 0 0 0
0 /=6 |~5 |9 | Yo | Yag |Yaall O / 0 4
o 1o | 7 | 19 | % |Ys |[Gall0 O | 1 |0
ol o | 0| |Yas| Y| %s |%al| 9|0 | O |/
We now evaluate the elements in the matrix [T]
from the last row backward and row-wise:
l=Uu - -+ U = -
4 A 0= Uy T Uyyy hy= |
last  row 0=Usz - 37 row - U . =
= Y42 - =
0 =, O = Uy, +4y,, U, =0
O = Uy + 5 4= 0
g had - u = o=
nd 0 uz4- 6 u34 s 49 ‘424 /
row

0 = Uy, ~6l;; -5 Ug3 > Uy = 64




Thus we have

21

(T (7]’ [z]
ST Tz 136 1 -4l /071 010 0
o S -¢cl-5lol/lel-ilol /| o]0
0 0 / / 0 0 /| -/ 0 O / )
ol ol o/ 1910 ol lotolo]/
Tt is noted that [T]—l, like [T], is also an upper

triangular matrix with diagonal terms equal to unity.

Such matrix is called *"echelon" matrix.

Now we can find [A]-1 by the use of equation (1).

- =
(11" \ (A] (L]
/ - 1-51 71¢, Col 3| Sa | 4+ | O 019
o | 1 | ¢ | =1 Sy | S| s Gy | 3 Vol 01 0
oo T T=rlle (S Sl e | 214 O
. i =C
010 | o/ | |%elSs| Sl @ | 7 43 { =7
We now evalu te the elements in matrix [T]_1 from
the last column backward and column-wise,
| (= =9 Capsr  Caa =7
,Qa_gt Ca’umn -/ = -9 C34 9 C’j4 = //?
- = _?ZM ) C24 ://?
0 = 4Cyuy '/“4JCM=4C43+4J/7 > S 3
- A
K [ =iy FAIGa = 4G, 4 Gz -T2
3 column o
6 = #Cy 143G, =46, +434 = ML
., 443 U4 28
5= 4G, FHCe =46, 9% ¢ = L
Thus we have ete.
(r3”’ (AT (L]
oL os ] 7 e 77 el | 4 o]0 0
o U7 T e/ W 5/e 7/ | wpel /9 | 3 | Jel 0| O
o Lo/ |~ |72/ 2/9 4%\ v | 6 | 2 |F1©
o [0 | o |/ [#|2Yel#ke| =g | 2 | 7 193177

& minal Seluties
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Eigenvalues and Eigenvectors

If we have an equation in the form that

3 2 1 X, Fl 0O O X, 0
2 2 1{{x, —Al0o 1 o0 X, 0 =70 (1)
0 1 1 X 0 0 1 X 0

or in the symbolic form that

[A]{x} —'2~[I]{x} = 0 . (1a)

1t is an eigenvalue problem.

In equation (1), the variables have the following

ph¥sical meaning:

A = eigenvalue ( natnnal frequencies or buckling loads)

X1
X, 1 = elgenvectors ( mode shape corresponding to each
’ natural frequency or buckling load)
*3
Solution:
Equation (1) may be written as
. N
[~ . ]
S -20) 2 1 ] [x 0
2 (2 =) 1 x, b o= (O (2)
0 | 1 - ‘ 0
i 1 ( 7\)_1 X3 | J
or in the symbolic form that
[c){x} = {o} (2a)
Equation (2) may be solved by the Kramer's rule,
~~~~~~~ 0 2 1
det|0 (2 =N) 1 0
x = 0 [T =% =
1 det[c]
det[c]

In order to have a solution for Xq det[C]must be equal

to zero. We thus set det[C] = o which yields the

"nontrieval solution®,
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(3 =) 2 1
2 (2 =) 1 = 0
0 1 (1 =)

XAt -/ =0

(A-1) ~(en’-62) =0
A=-0D(A2++1) —6A(A-1) =0
A=A -520+1) =0

We thus find three roots for three eigenvalues:

7kl== 0,209
A, =0
Xy = 479

Corresponding to each eigenvalue A, we have a set
of eigenvectors ( X Xpo xB), We can not find the
values for ( X)s Xps x3), but if we assume X, =1 the
other two values for X5 and x3 can be found relatively,
This is what we call the normalized eigenvector,

For exampleifof '1/= 0.209, we assume ¥y = 1.0. Equation

(2) becomes

(3 -2 1 2 1 il
2 | @-%) 1 iz =0 (3)
!
Y '| 1 (1 -2.‘) XB(

Siﬂae we assﬁmed the first eigenvector Xy, we neglect.

the first equation in the set (3), ' e

‘ {z} . ljz-lkl : -1.1] g Z} - o i
or [1.791 | 1.0 ]ixz =[-2

Ll.O I O.79{J x3 0
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Following the Kramer's rule

-2.0 1.0
-1,582
%, = | 0.0 0.791 = —=2-= - _3.8
2 1.791 1.0 0.416
ll.O 0.791
1.791 =2.0
1.0 0.0
2
Xn = = —%£ = 4,8
3 1.791 1.0 0,416
1.0 ) 00791

Hence corresponding to 17= 0.209, we have a set of

normalized eigenvector

. 1.0
X, = =3.8 }V - - - - — - . - = = (4)
?3 4,8

For a vibration problem, )7 is the first lowest

natural frequence and equation (4) gives the cofresponding

mode shape., For a buckling problem, 7» is the critical

buckling load and equation (4) gives the corresponding

mode'shape.

We can also find the second and the third mode
shapes ( X5 X x3) for the eilgenvalues :%zaﬁd “AB,

respectively.
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