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Foreword

In statistics, we estimate/reconstruct objects from data. Given a noisy image for example, the aim
is to reconstruct the underlying true image.

A first course in statistics typically deals with reconstruction of finite dimensional parameters,
such as the mean or the standard deviation of a distribution. For many interesting applications,
however, we want to assume as little as possible about the true underlying objects. Taking a fixed
number of parameters is then not appropriate. Instead this should be modelled by assuming a
high-dimensional or even infinite dimensional parameter space. To reconstruct an image, for
instance, we can think of it as a two-dimensional function and take as a parameter space a function
class.

A statistical model with complex data structure refers to settings where the classical parametric
theory fails. It comprises two subfields, nonparametric statistics where the parameter space is
infinite dimensional (e.g. a function class) and high-dimensional statistics with parameter spaces
that are typically vector spaces with dimensions that increase with the sample size. We choose a
mathematical approach that allows to treat these two cases simultaneously.

The mathematical theory of complex statistical models has been developed largely during the
past years but remains a topic of active research with many challenging open problems. One of
the nice features is that there is a notion of optimality and estimators (reconstruction methods)
can be constructed that (nearly) achieve this optimal behaviour.

Nonparametric and high-dimensional statistics is certainly among the most active current
research areas in applied mathematics. This is due to the countless number of applications across
all sciences. Mathematics has always evolved along its applications. Newton’s discovery that
mechanical systems are based on differential equations initiated the development of a sound theory
of differential equations. Today’s applications are driven by the enormous amounts of data that
we collect. Often, these questions are of the following kind: Given data reconstruct some complex
latent object. For example, reconstruct the true image from a noisy version. The text aims to
summarize mathematical concepts that underly statistical methods for these type of questions.

The lecture notes are structured as follows. In a first part, we introduce and motivate dif-
ferent statistical models. Based on that, we identify the most commonly used nonparametric
and high-dimensional models. We then discuss different estimation principles for nonparametric
problems, based on smoothing and series expansions and study their estimation error under
different loss functions. It turns out that these methods always rely on a good choice of a band-
width/smoothness/truncation parameter which needs to be carefully selected and we discuss
different strategies how to do that. One of the most common strategies in nonparametric esti-
mation is series estimation with shrinkage of the series coefficients. This is closely related to
Stein’s phenomenon which shows that minimax estimators can be improved, in particular in high
dimensional settings. Based on that, we discuss high-dimensional models under constraints such
as sparsity. In Chapter 9, we then ask whether these estimators are optimal. Here, optimality is
studied for large sample size and we are mainly interested in the optimal rate of convergence.
For that, we use a general reduction scheme that relates lower bounds to control with respects
to information distances. We also study another approach which links minimax lower bounds to
the Bayes risk. This allows to obtain very precise non-asymptotic lower bounds for some simple



problems.

We assume that the reader has knowledge of basic parametric statistical theory as commonly
covered by an introductory course in statistics.

There are many excellent books on nonparametric statistics available. A very good survey of
the field is given in Wasserman [30]. The book covers the most relevant estimation strategies with
as little details as possible. Proofs are mainly omitted which allows to get a quick overview of the
theory. The standard reference for the nonparametric minimax theory is Tsybakov [28] containing
in particular the most complete description of proving strategies for deriving lower bounds on the
minimax risk. This book is based on the older text Korostelev and Tsybakov [16] which was more
specifically written on image recovery and therefore contains additional material on change-point
and edge-reconstruction problems. The Saint-Flour lecture notes by Nemirovski [8] are a bit of
the same flavor discussing estimation of functionals in great detail.

Additionally to these more general treatments there are several books devoted to specific
models or estimation techniques. Estimation in the Gaussian sequence model might be viewed
as the fundamental problem in nonparametric function estimation and is extensively studied in
the excellent draft Johnstone [15] (available from http://statweb.stanford.edu/~imj/GE_
08_09_17.pdf). This book is particularly recommended as additional reading. Wand and Jones
[29] is a very detailed and easy to read book on kernel estimation. There are many books on
wavelets methods. A good introduction to the statistical theory of wavelets is Haerdle et al. [13].
Giné and Nickl [11] approach nonparametric statistics from empirical process theory. This book
contains also a lot on function spaces. A more statistical learning point of view on nonparametric
statistics was adopted in Gyorfi et al. [12]. One of the achievements of this book is the summary
of the mathematical convergence theory of neural networks. Estimation and inference in high-
dimensional statistics are summarized in the books Biihlmann and van de Geer [5] and Hastie et
al. [14].

We are grateful to Gino Kpogbezan, Tyron Lardy and Lincen Yang for valuable comments
and suggestion.

If you find typos or you think that certain parts are unclear, please feel free to men-
tion that to me. Suggestions and comments are always welcome and can be send to
schmidthieberaj @math.leidenuniv.nl


http://statweb.stanford.edu/~imj/GE_08_09_17.pdf
http://statweb.stanford.edu/~imj/GE_08_09_17.pdf
mailto:schmidthieberaj@math.leidenuniv.nl

Notation: We use mainly standard notation which is recalled here for convenience.

Sets: For a finite set A, # A denotes the number of elements in A. For an arbitrary set B,
1(B) denotes the indicator function on B.

Functions: To define a function we often use the - operator. For example, instead of z —
g(x) = sin(2x) we write g = sin(2-). As usual we write LP(IR) for the Lebesgue function spaces
on R.

Vectors: We often denote vectors by bold letters. For the transpose, we write ' .

Sequences and order symbols: For two sequences of positive real numbers (ay,)y, and (by, ),
we write a,, < by, or a,, = o(by,) if lim sup,, a,, /b, = 0; the notation a,, < b, or a,, = O(b,,)
is used if lim sup,, a,, /b, < o0; and a,, < by, if a,, < by, < ay,. In particular it is convenient to
write o(1) for a sequence tending to zero.

Random variables: We abbreviate the terms cumulative distribution function and probability
distribution function by c.d.f. and p.d.f. The abbreviation i.i.d. stands for independent and identi-
cally distributed. If X is a random variable drawn from a distribution P, we write X ~ P. We
also sometimes write X ~ F or X ~ f forac.d.f. F orap.d.f. f to indicate that X follows the
distribution induced by F or f, respectively. The expectation taken with respect to the probability
measures P or Py is denoted by Fy or E, respectively. As usual, we write Cov(X,Y") for the
covariance of the random variables X and Y and Var(Y’) for the variance of Y. If X follows a
normal distribution with mean y and variance o2, we write X ~ N (u, o?). If X is multivariate
normal with mean vector x and covariance matrix 3, we write X ~ N (u, ). In particular, I,
denotes the n x n identity matrix. The distribution of a Poisson random variable with intensity
parameter A is denoted by Poisson(\).

Measures: For two probability measures P, () defined on the same measurable space, we
write P < @ if P is dominated by @, that is, P(A) = 0 whenever Q(A) = 0.

Miscellaneous: In an equation, := means that the left hand (1.h.s.) is defined as the r.h.s. In
heuristic arguments, we use x ~ y to indicate that = and y are close. We define ()4 = max(z,0)
and write x V y, x A y for the maximum and minimum of x and y, respectively. As usual, we
write argming.g F'(6) for the set of all elements in the closure of © that minimize the expression
F(0).
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Chapter 1

Introduction

1.1 From parametric to nonparametric statistics

Figure 1 shows a scatterplot of a dataset which comes with the r-package “np”. It plots the age
against the logarithm of the wage for a group of Canadians with similar educational background,
cf. [17]. A classical idea is to explain this dataset by a linear relationship between the two observed
variables. This amounts to fitting a straight line through the data. In the least squares sense, the
“optimal line” is the one which minimizes the residual sum of squares. This means that if we
”subtract” the line from the data points, that is, if we look at the residual, then the least squares fit
returns the line minimizing the sum of squared residuals.

It is not hard to see that using a linear model for this dataset results in a very poor fit. As
statisticians, we have many options how to improve the model. One possibility would be instead
of considering log(wage) on the y-axis, to take a different transformation, which gives a more
linear relationship. Alternatively, there are plenty of other models that we could try and which
allow to incorporate the nonlinearity of the drift. For instance we could fit a parabola to the data.

All such models, can be stated in the following form. We observe n pairs

14
|
14
|

log(wage)
!

log(wage)
!

12
|
12
|

age age

Figure 1: Data example with linear least squares fit
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Figure 2: Least squares fit with second order and third order polynomials

(Xl, Yl), e (XnYn)y with
Yi=f(X;) 4, i=1,....n, 1.1.1)

and f in some class of functions. Here and in the following, f is called the regression function.
The random variables ¢; model the (measurement) noise. We do not observe these noise variables
directly but typically have some knowledge about the distribution of ¢;.

In the example above, n is the sample size, X; is the age of the i-th observed person and Y; is
the corresponding log(wage). If we believe in a linear relationship, we assume that f(z) = ax +b
with a, b real numbers. We may equivalently write then, that f € F with

F=Af:f(x)=ax+b, a,b e R} (1.1.2)

The class of target functions JF is called the parameter space.
If instead, we want to model the non-linearity, we might add a squared term and would then
take instead the function class

F={f:f(z) =az®+bx+c, a,bcecR}

as parameter space. Fitting a quadratic function seems to lead to a better fit of the data than the
linear model. Nevertheless, there would still be a discrepancy between the model and the data and
this would become visible if we would add more data for instance. In Figure 2, the least squares
fit for polynomials of degree two and three are displayed. We see that even then, there is quite a
big difference between the two reconstructions. Also the interpretation of the estimators would
be different. The reconstruction for quadratic polynomials suggests a much faster decay in the
log(wage) than the estimator based on the third order polynomials. Moreover, the maximum in
the first plot seems to be attained for the age between 40 and 50 and in the second plot for the age
below 40. This difference is an artifact induced by the characteristic shape of 2nd and 3rd order
polynomials.
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We might argue that all models are wrong. Any parameter space is therefore a subjectj Q
selection of candidate functions by the statistician. We can overcome this problem to a large exte

by allowing for a much bigger parameter space, for instance the parameter space of all Lipschitz
functions. Recall that a function f is Lipschitz on the domain D, if | f(z) — f(y)| < L|z — y|,
for all =,y € D. The smallest constant L for which this holds is called the Lipschitz constant. We
might take this space to be the parameter space, that is,

F ={f: fisaLipschitz function}.

In particular, this space contains all polynomials on a bounded interval. In contrast to the parameter
spaces considered above, this space cannot be parametrized by finitely many real parameters.

1.2 Nonparametric and high-dimensional statistical models

A statistical decision problem is called parametric if the parameter space is parametrizable by
finitely many real parameters and the number of real parameters does not grow with the sample
size. The parameter space of linear functions (1.1.2) can be for instance parametrized by two
real parameters and gives henceforth rise to a parametric model. Nonparametric just means
that the problem is not parametric. Differently speaking, a statistical decision problem is called
nonparametric if the parameter space cannot be parametrized by finitely many real parameters
such as in the example with the space of Lipschitz functions above or if the number of parameters
grows with the sample size.

A dependence of the sample size on the number of parameters might seem at first sight
unnatural. It will turn out later that an infinite dimensional problem has typically many irrelevant
dimensions and can be reduced to a subspace whose dimension grows with the sample size.

The term nonparametric is misleading as it suggests that there is no parameter anymore. If
the parameter space is the class of Lipschitz functions, we would still refer to F as the parameter
space and to a Lipschitz function f as a parameter. This means that a nonparametric statistical
model still has parameters and a parameter space.

In all the applications of nonparametric models that we discuss, the parameter space is a
function class. One can therefore also think of a nonparametric statistical problem as reconstruction
of functions from data.

A statistical model is called high-dimensional if the number of real parameters needed to
parametrize the parameter space exceeds the sample size. We will see later that this is the correct
framework for many real-world applications.

A statistical decision problem is called high-dimensional if the number of real parameters
exceeds the number of observations. A statistical decision problem is called nonparametric if
the number of real parameters grows with the sample size or if the parameter space is infinite
dimensional.

Notice that this is not a precise mathematical definition since not every space has a well-
defined notion of dimension and the notion might change for instance by changing the underlying
topology.


botondszabo
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In statistical theory, high-dimensional is typically understood as having more parameters than
data. In applications the term high-dimensional is rather used to denote statistical models with
many parameters. A model with sample size 1000 and 100 parameters would often be called
high-dimensional, for instance.

One of the distinctive features of a parametric model is that if we have a sample of size n
we can in many cases reconstruct the true parameter up to error 7~ /2. The term nonparametric
is occasionally used to denote statistical decision problems with convergence rate slower than
the parametric rate n~1/2. Large parameter space often lead to slower convergence rates, but
this is not always the case (a standard example is estimation of the c.d.f. discussed in Section
1.3) and there are also many estimation problems with finite dimensional parameter space which
have convergence rate slower than n~'/2. The advantage of this definition is that it can be made
mathematical precise, but it is not very useful and we therefore avoid it.

1.3 Some basic nonparametric and high-dimensional statistical
models

There is a huge number and variation of proposed nonparametric models. Although the models
might be quite different, most of them can be treated with similar methods. To develop nonpara-
metric statistic theory, it will be enough to consider few basic types of models, which we present
below.

Nonparametric regression

Nonparametric regression is also often called the signal plus noise model. In this model, we observe
a deterministic function subject to some additive noise, which typically models measurement errors.

In its simplest form, we observe a vector of independent random variables Y = (Y1 ,,..., Y, )
with

Yin=f(L)+ein i=1,...,n (1.3.1)
Here, ;,, ~ N(0,1), ¢ = 1,...,n, are independent and identically distributed (i.i.d.) random

variables. Equivalently, we can write this model as

Yin ~N(f(£),1), i=1,...,n

n

The regression function f € F is unknown and the choice of the parameter space F depends on
the specific application.

This is the simplest model within a whole class of regression models. In order to model noisy
images, we can extend the model to regression functions on the square [0, 1]2. Then, we observe a
matrix Y = (Y;jn)i,jzl,...,n with

Egn:f(%7%)+51jna i?jzla"wn'

Figure 3 displays a grayscale image. On each pixel, the grayscale is converted into numeric values
of f(i/n,j/n) and Y;j,.
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Figure 3: Top: True image (left) and observed noisy image (right). Bottom: Two reconstructions,
cf. Section 5.6.

The assumption in model (1.3.1) that we observe f at time points i/n, i = 1,...,n is not
always met in applications and many extensions to other designs exist. We can distinguish two
cases, namely deterministic design and random design. In deterministic design, we have numbers

x1,...,Z, and observe the random vector Y = (Y1 p, ..., Yy ) wWith Y ,, = f(:cz) +&ipn, 1=
1,...,n. In random design, we assume that we observe n i.i.d. pairs (X;, ;) with

This is the model which we already discussed in (1.1.1).
Another generalization of model (1.3.1) is to work under a more general noise assumption. In

order to account for heteroscedasticity, we might introduce a variance function o and replace
(1.3.1) by

Yin=f(L)+0(L)ein, i=1,...,n (1.3.3)

Depending on the application, o is assumed to be known or unknown. For many applications,
the Gaussian assumption on the noise is violated and we should impose other noise distributions
instead, for instance one which allows for extreme outliers. It might also be enough to assume that
ein are i.i.d., centered (that is, E[e;,] = 0), and that the first r absolute moments are finite for
some r > 1. If we do not make the assumption that £;, is centered, there is no way to tell from
the data whether the regression function is f or f+constant.
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Figure 4: Left: Prices of a German Bund future over one trading day. Right: Five minute log-returns.

To understand how estimation for nonparametric regression works, it is enough to study the
toy model (1.3.1). Theoretical results for the generalized models, can then be obtained using
similar strategies and often only lead to additional technicalities in the proofs.

Volatility estimation

An important problem in finance is to determine the volatility from historic data. The volatility can
be used as risk measure or for pricing of financial derivatives. Suppose, we have observations from
a financial asset over a finite time interval say [0, 7'] such as a day or a month. For convenience set
T = 1. Divide the interval [0, 1] in n smaller time windows of equal length, such as five-minute
intervals. On each of these smaller intervals, we compute the change in the logarithm of the price.
A very simple model for these so-called log-returns is

Yin = o(i/n) €iny, =1,..
vn
Figure 4 displays a real data example of a FGBL future on one trading day together with the
corresponding five minute log-returns. The unknown function ¢ — o (t) is called the spot volatility,
that is, the volatility as a function over time. The statistical task is to estimate the spot volatility
from the data. The model is essentially the same as (1.3.3) with regression function f = 0.

One might question the use of the asymptotic statement n — oo in this setup. Indeed if n
gets large this means that we take log-returns on smaller intervals. An alternative would be to
consider a longer observation period of the underlying asset, that is, 7" — co. Both asymptotics
are of interest and are known as high-frequency and low-frequency limit.

L.

Gaussian white noise model

Working with the nonparametric regression model (1.3.1), it turns out that the discreteness of the
design does not play a role, but makes the proofs a bit technical. The idea is to replace (1.3.1) by
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11 L 111 1 1 1

Figure 5: Simulated sample (red) drawn from a density (blue).

a continuous version.

Recall that a Brownian motion (W;);~0 is a centered Gaussian process with covariance
structure Cov(Ws, Wy) = s A t. It is the limit of suitably scaled partial sum processes. Indeed if
we sum the first k£ observations in (1.3.1), we obtain

i Ien . 1 k/n
=1 =1 =1
(cf. Exercise 1.1). This is close to the model, where we observe the path of the process (Zt)te[o,l]
with
t
@—:/fmym+nlﬂw; te 0,1
0

This model is called the Gaussian white noise model. This is a continuous model, that is, we
observe a stochastic process on an interval. The Brownian motion models the noise and is scaled
by the sample size n. Obviously, if n becomes large the noise term vanishes.

Estimation of c.d.f. and p.d.f.

Given a random variable X, recall that ¢ — F'(t) = P(X < t) is the cumulative de ) ) function
(c.d.f.). If X has a density f with respect to the Lebesgue measure on R, then f(t) = F'(t) is the
probability density function (p.d.f.). Consider the statistical model, where the sample consists of
n i.i.d. copies of X, that is, we observe X1, ..., X, ~ F|i.i.d. The unknown parameters are the
c.d.f. F' and its density f.

To estimate F’, we can use the estimator

1(X; <t). (1.3.4)

By the strong law of large numbers, ﬁn(t) — F(t) a.s. Application of the central limit theorem
yields moreover

Vi(Fu(t) — F(t)) — N(0, F(t)(1 — F(t))) (1.3.5)


botondszabo
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Figure 6: Artificial images of birds that are black with green and have a very short beak. Citation
needed ?7?

implying the parametric n~1/2

-rate of convergence.

Estimation of the density f is more involved. The statistical problem is displayed in Figure
5 based on simulated data. The red tick marks are located at the values X7, ..., X,. The true
(unknown) density f is plotted from which the data were generated. The statistical problem is to
reconstruct the function f from the observations.

Since f = F”, one could try to use the derivative of the estimator ﬁn to estimate the density
f- Since ﬁn is a step function, the estimator ﬁ’l is a weighted sum of delta functions which does
not converge to f pointwise. Thus, this estimator does not work. A very common technique to
estimate the density f is to use a histogram. In Chapter 3, we consider so called kernel density
estimators which allow to incorporate underlying smoothness of the signal.

The input X does not need to be a random variable but could also be a more general random
element. A very recent applications are so called generative adversarial networks (GANSs). The
idea is to take as X; images from the same object, say birds. Once we estimated the density
we can sample from it new (artificial) images of birds. We can also specify an x and obtain the
corresponding bird image f(x). This means we can generate artificial images of birds with specific
properties such as their color. An illustration is given in Figure 6.

Deconvolution

In this model, we observe n i.i.d. copies of the sum of two independent random variables. More
precisely, we observe

Yi=Xide, i=1,....,n, X;"&'F "R, (1.3.6)
It is common to assume that the random vectors (X1, ..., X,,) and (1, ..., &,) are independent

implying that the Y; are i.i.d. Suppose that bounded Lebesgue densities f = F” and f, = F exist.
If G denotes the distribution function of Y7 then

G(t)=P(Y1 <t)=P(X14e <t)= /Oo P(Xy<t—x|ey =x)f(x)dx

—0o0

— /OO F(t —x)fo(x)dr =: (F * f.)(1),

—0o0
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Figure 7: Top: True image (left) and convolved image (right). Bottom: True image with noise and
convolved image with noise.

where x denotes the so called convolution product hy x ha(t) = [ hy(t — z)ha(x)dz. By
Lemma 13,

olt) = / T ft - @) fe()dz = (f * £2)(0).

The statistical task is now to reconstruct the density f from the observations (Y7, . .., Y}, ) assuming
that f. is known. Thus, we have to invert the convolution step. These models are therefore called
deconvolution models. The model combines density estimation with additive errors. It occurs in
many applications where a sample from a distribution is obtained that is corrupted by measurement
noise.

There are many applications where we observe a convolved image possibly also perturbed by
additional measurement noise. Figure 7 provides an example, where we observe the cameraman
image subject to convolution and measurement noise. The data were generated in this case from
the model

Yign = (Fx f) (o) +2igms Bi=1,0m,

with f. a known density, f the true image and &;;, ~ N(0, 1), i.i.d. Figure 7 also shows the data
without the additive errors. In this case one can see clearly that the convolution has a blurring
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effect. Reconstruction of the true function in a convolution model, is therefore also often called
deblurring.

High-dimensional linear regression

In the high-dimensional regression model, we observe a vector Y = (Y7,...,Y;,)  andan x p
design matrix X with

Y = X3 +e. (13.7)

Here, 3 is an unobserved p-dimensional coefficient vector. Moreover, I,, denotes the n x n identity
matrix and € ~ N (0, I,,) is a centered random vector from a multivariate normal distribution
with covariance matrix I,,. The design matrix X is known and the goal is to estimate the unknown
coefficient vector 3.

This model is high-dimensional if p > n, since in this case we have more parameters than
observations. Typically we think of p as a sequence of n, for instance p = n? or p = e™. Compared
to the nonparametric models that we have seen so far, the high-dimensional regression model is
philosophically a bit different as we think of the parameter as a quantity that depends on the sample
size n, whereas before the parameter was considered to be fixed. In particular, the parameter space
depends on n through p but we typically omit the dependence in the notation.

To indicate the dimensions of the objects in the high-dimensional regression model, we can
also write the model more explicitly as

Ej1
Yl X11 le €1
= +
Y, Xn1 an En
nx1 nxp Bp nx1
——
px1

High-dimensional regression has various applications. In genomics we want to discover which
combination of genes is responsible for a certain phenotype. This can be modelled by (7.2.1),
with Y a vector of observed phenotypes and the regression vector 3 containing the effect of each
gene. The human genome consists of about 30.000 genes and typical studies have several hundred
patients. The number of unknown parameters is therefore much bigger than the sample size and
we are in a high-dimensional regime.

Even if we neglect the noise in the high-dimensional regression model and assume that
Y = X 3is observed directly, the linear system is underdetermined since there are more unknowns
than equations. In such a situation the model is also said to be not identifiable. In order to ensure
identifiability, additional strutural assumptions on the regression vector 3 need to be made.

In genetics we indeed know that only few genes are responsible for a specific phenotype.
Nevertheless we neither know the exact number nor the location of the active genes. The regression
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vector has consequently only few non-zero entries and most components are zero. Such vectors
are called sparse. Sparsity also occurs in astronomy where the sky is scanned for specific objects.
The non-zero components in the vector correspond then to the light emmitted from these objects.
Since most measured positions do not contain any signal the regression vector is sparse. Because
of this application, sparse vectors are also sometimes referred to as nearly black.

Given the parameter vector 8 = (f1, .. ., BP)T, we can define the support of 3 or active set
as the non-zero components Sg = {j : B; # 0} and the sparsity (index) of 3 as sg = |Sg| =
the cardinality of Sg. Because the parameter changes with n, the active set and the sparsity are
also n dependent but again this dependence is omitted in the notation.

We say that a model is sparse if the number of non-zero parameters is of smaller order than
the number of observations which is equivalent to sg < n.

Matrix completion

In the matrix completion model with measurement errors, we observe few, noisy entries of a
matrix and want to recover the full matrix under a low-rank constraint.

Define [p] := {1,...,p} and [q] := {1,...,q}. Let A = (arx)re[p) kelq b @ p X ¢ matrix
with real valued entries. Suppose, we observe n independent variables (Y;, L;, K;), where the
indices L; and K; are independently drawn uniformly at random from [p] and [g], respectively and

Y =ar, k;, +€i,

with e; ~ N/(0, 1) independent of (L;, K;). In the matrix completion model, we thus see n entries
which are perturbed by measurement noise. To “visualize” the model, one can think of a sample
as a matrix

*
* *
* * *
* *

where * stands for an observed noisy entry.

High-dimensional principal component analysis

Suppose we observe a sample of n independent p-dimensional vectors
X; ~N(0,Y), i=1,...,n.

Here NV(0,X) denotes the multivariate normal distribution with p X p covariance matrix 3. One
can equivalently write this model as

p
Xi =Y VAjviei
j=1
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with £;; ~ N(0, 1), i.i.d., v; the eigenvectors of X and \; the corresponding eigenvalues. Written
in this form, we see some resemblance with the linear regression model, but the signal is now in
the variation and not in the mean anymore. The aim in principal component analysis is to recover
the eigenvalues \; and the eigenvectors v; from the data.

If we observe many variables simultaneously, the correct way to model this is to allow p
to grow with the sample size n. Since ¥ has p? many parameters, this is henceforth a truly
high-dimensional problem if p > /n.

The empirical covariance is given by

~ 1<
S=-> XX/
n
=1

Since X &~ X one can study the eigenvectors and eigenvalues of 3. In the high-dimensional setup
these estimated eigenvectors and eigenvalues are not close anymore to the true eigenvalues and
eigenvectors.

High-dimensional sparse additive models

There are several popular models that combine sparsity in a high-dimensional setting with function
estimation. Let X1,...,X,, denote n i.i.d. copies from a d-dimensional distribution on the
hypercube [0, 1]¢. In the nonparametric regression model with random design we observe the n
pairs (X, Y;), with

E:f(Xi)Jr&i, &'NN(O,l), iid, i=1,...,n

and f : [0,1]¢ — R the unknown regression function. We will see later that if the dimension d
is large no good reconstruction can be obtained unless we have an extremely large sample size.
One way around this so called curse of dimensionality is to impose additional structure on the
regression function f. In additive regression models, we assume that the regression function is of
the form

d
F@r, .. mg) =Y filxy).
j=1

For d = 2, f(x1,72) = o2 — 25 is for instance of this form, while f(x1,22) = 122 cannot be
written in an additive form. Additive models form a rich class of functions. In the high-dimensional
additive regression model, we assume that the dimension d grows with n. On top of this, we
assume that there is sparsity in the sense that only few functions f; are not identically zero. This
means that the true function does not depend on most of the x;. As in the high-dimensional
regression model, we do not know which f; are active.
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1.4 Exercises

Ex. 1.1 — Lete; ~ N(0,1), i.i.d. ¢ = 1,...,n and denote by (W};);>¢ a Brownian motion.
Show that

R

n

k
( 1n ;51’)&1, 2 (We/n)k=1 ..

D o
where = denotes equality in distribution.

Ex. 1.2 — Prove (1.3.5).






Chapter 2

Statistical estimation theory

2.1 Statistical models and estimators

A statistical model describes the data generating process. It is either given to the statistician or
chosen. As an example for a simple data generating process, assume that we observe a random
variable Y with

Y = p+te, @2.1.1)

e ~ N(0,1) a standard normal random variable and ¢ € R the unknown mean. We might
equivalently write this as Y ~ P,, where P, = N (u,1) denotes the distribution of Y. This
means that we observe a realization from one of the probability distributions (P, : 1 € R). We
do, however, not know which one since the parameter i is unknown. The statistical challenge
consists in reconstructing y from observing P,. Suppose now that we know in advance that the
parameter (4 is not an arbitrary real number but lies in some subset © C R. Then, the set of
candidate probability measures can be restricted to (P, : u € ©).

Any data generating mechanism such as (2.1.1) can be rewritten as a collection of probability
measures (P : § € ©) with 0 the unknown parameter and © the parameter space and we call
such a collection a (statistical) model.

We need to be a bit careful with this definition of a statistical model since it requires an
underlying measurable space, say (£2,.4), on which the probability measures P are defined. For
statistical estimation this measurable space is almost irrelevant and we therefore omit it most
of the time. A more precise notion is the term statistical experiment which stands for the triple
(A, (Py:6€0)).

For many statistical concepts it is convenient to work with the data generating process instead
of the collection of probability measures. As usual, we apply the term (statistical) model also to
the data generating process. For instance, we say that (2.1.1) is a statistical model. It is important
that one always specifies the observed/unobserved quantities in the data generating mechanism.
In addition to (2.1.1) for instance, we need to mention that Y is observed and that x4 is unknown.

But there are also statistical problems for which the interpretation of a statistical model as a
collection of probability measures is more convenient to work with. This is for instance true for
the lower bounds derived in Chapter 9.

21
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If we speak about a generic parameter, we call it § and the corresponding parameter space
©. For specific estimation problems, we use the standard letters, for instance for the mean and
the standard deviation of a normal random variable we write 1 and o, respectively. Whenever we
study estimation of a function, we call this function f and the corresponding parameter space JF.

Given data from a model, the statistical task is to make statements about the true underlying
parameter. Any measurable function that maps the data to a parameter value is called a (point)
estimator. We do not require that the estimator takes values in the parameter space ©. Instead it
is enough if it maps to some larger space ©’' O O called the action space. This slight relaxation
will be useful later if the parameter space consists of non-negative functions. The estimator may
still attain negative values simplifying the analysis.

2.2 Loss and risk of an estimator

To infer the quality of an estimator, we need to measure the distance between the estimator and the
true parameter. Recall that the estimator maps into the action space ©’. Evaluating the performance
of an estimator, we need therefore a function on © x © with values in [0, c0). Such a function £
is called a loss function if £(0,0) = 0 for all (0,0) € ©" x ©, which means that we suffer no loss
if we correctly estimate the parameter 6.

In applications, the loss has typically additional structure. In the cases that we consider, £ will
be a (transformed) semi-metric. Working with metric structure is very natural, since estimators
that are in some sense “further away” from the truth should result in larger loss.

The loss quantifies the quality of an estimator for a specific realization of the data. From a
statistical point of view, it is more convenient to work with the average loss or risk, that is,

R(,0) == Ey[0(8,6)],

where Ey denotes the expectation with respect to Fy. Notice that changing the loss function might
result in completely different risk.

The statistical risk averages the loss over the data distribution. One can construct statistical
models, where specific realizations of the data are much more informative about the underlying
parameter. An example is given in Exercise ???. In such a case the statistical risk is the wrong
concept.

For many nonparametric estimators, the exact risk is unknown and only upper bounds of the
risk can be derived. Therefore, we are mainly interested in risk bounds depending on the sample
size n. Consider a sequence of models (P : § € ©) indexed inn = 1,2, ... In many cases n is
the sample size as for instance in the nonparametric regression model. Now, consider an estimator
6,, in the model (Py' : 6 € ©). If there exists a finite constant C' which is independent of n and a
sequence (1, ), such that

sup R(/G\n, 0) < Cy, foralln,
0cO

then we say that the estimator 6,, converges with the rate of convergence .
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The rate of convergence might be sometimes misleading. Because of huge constants an
estimator can have a fast convergence rate and still perform badly. An example is given in Exercise
29

A somewhat dual concept is the concept of sample complexity. It is very natural to ask for the
minimal required sample size such that the risk of an estimator is smaller than, say ¢. This might
be the correct formulation if one wants to conduct an experience and aims to achieve a certain
precision. As we can typically only get convergence rates, we can also infer only the order of the
sample size in terms of §. From that we can derive an understanding how much more data we
need to improve the risk by a given factor but it is not possible to compute the exact sample size.

2.3 Loss functions on function classes

Below we collect some examples of loss functions on function classes of univariate real-valued
functions on X C R. One should think of X" as an interval or X = R.

Squared pointwise loss: ¢(f, g) = (f(z) — g(x))? for fixed x € X. This loss measures how
close the estimator comes to the true function at the point 2. The corresponding risk is called
mean squared error (MSE)

MSE = MSE (fu(z)) = Ef [(fu(z) — f(x))?].
One of the attractive properties of the MSE is the following decomposition

MSE (fu(2)) = Ef[(fa(z) — f(2))?] = Bias? (fu(z)) + Var (fu(z)) 2.3.1)

with

Bias (fu(2)) == E;[fu(z)] - f(2)

The identity should be checked as an exercise. It separates the deterministic/systematic error (also
called bias) from the stochastic error or variance. Below we bound the two terms separately. For
the variance, we have to control the stochastic fluctuations of the estimator around its mean and
for the bias, we need to apply approximation theory.

The disadvantage of the pointwise loss is that it controls the loss at one point = only. Even
if we can derive a uniform risk bound of the form sup,cp MSE(fn(x)) < ¢ this does of course
not imply that the estimator is v/d-close to the truth for all = simultaneously. In order to make
such a statement we would need to take the supremum inside the expectation. For nonparametric
estimation problems, sup, E¢[(fn(z) — f(z))?] is typically of a smaller order in n compared
with E; [supx(ﬁ(x) — f(x))?]. These risks are therefore not comparable and this motivates to
consider the following loss.

Supremum-norm or sup-norm loss: For functions f, g : X — R, this loss is defined as

U(f,g) = sup |f(x) — g(@)| = |f — gllzo(x)-
reX
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In most applications, the space X’ is either [0, 1] or R. If it is clear which X" is meant, we also
write || f — glloo := || f — gl[ o< (x)- This loss function controls the worst case pointwise distance
between the truth and the estimator. The risk belonging to the sup-norm loss is

Ey [||J?n — fllnso(a)]-
Squared L2-loss: If f,g: X — R,
f.9) = [ (F@) = 9@ do = I = glEa(ay

Working with L?-loss often leads to a particularly simple analysis thanks to the Hilbert space
structure of L?. Compared to the other two loss function, a disadvantage is that a bound with respect
to L2-loss has a less obvious interpretation. The corresponding risk is called mean integrated
squared error

MISE = E;[||fn — FlZ2ca)-

2.4 0-1loss

Let n be the sample size and consider a sequence of estimators én Given a loss function £ and a
positive sequence (4, ), we can then define the corresponding 0-1 loss function

U(6,60) = 1(£(8,,0) > 6,,).

Obviously, the loss function can only attain the values zero and one, depending whether the
estimator is d,,-close to . This explains the name. If written in this form, the loss function is n
dependent. For the risk

Eg[£(8,,0)] = Pp(£(6,,,60) > 6,).

By Markov’s inequality, Fy [Z (gn, 9)] < 6, 1By [ﬁ (én, 0)] . This means that the risk with
respect to loss £ is bounded by 6,, ! x the risk with respect to £. Differently speaking, if Fy [€ (O, (9)]

tends to zero with a faster rate than 9, also Fy [Z (én, (9)} converges to zero.

The previous inequality shows that for the 0-1 loss function the object of primary interest is to
determine J,, such that the risk converges to zero. In nonparametric problems, we often encounter
the phenomenon that there is a phase transition in the sense that there exists constants 0 < ¢ < C'
and a rate 7,, such that Py (E(@n, 0) > cry,) — 1and Py (6(67”, 0) > Cry) converges extremely
fast to zero. It is conceivable but remains open whether this even holds for some ¢ and C' that are
arbitrary close. R

If the probability Py(¢(0,,0) > Cry,) is very small, it means that it is very unlikely to
overshoot the loss by more than C'r,,. The speed also allows us to combine different estimators.
In practice it is common to try many different methods and tuning parameters and select the
estimator that we like best. Suppose that the risk converges with a rate o(N,; 1) and assume we
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try IV, different estimators 51 t=1,..., N, of which we pick @; where 7 is a random variable in
{1,..., Ny, }. Then, by the union bound

Py, (£(65,60) > Crry,) ZPQO (£(8;,60) > Cry) = o(1).

2.5 * Loss via linear functionals

Suppose that © C V with V' a vector space. Let (-, -) be a scalar producton V and M C V a
symmetric set, that is, M = —M := {—v : v € M }. This induces the loss function ¢ : V' x © —
[0, 00),

00,0) = sup(a, 0 —0).
aceM

The symmetry of M ensures that the loss is indeed non-negative. M is also called the set of
discriminators.

One advantage is that we can compare two loss functions via their sets of discriminators.
If £ and ¢ are loss functions of the type above with sets of discriminators M and M then ¢ is
dominated by (if M C M.

IfM =V, then £(6’,0) = oo whenever § # 6. This means that if the set of discriminators is
too large, the loss becomes too strong for statistical inference.

Let (V.|| - ||) be a normed vector space. The dual norm || - ||« is defined as ||v], =
SUDy. |w||<1 (W, ). The loss above contains therefore as a special case all dual norms

10" = 0ll« = sup (a,0' —0).

a:l|al|<1

2.6 * Model induced loss functions

Suppose there is a function a that assigns to any two probability measures on the same probability
space a non-negative value. This induces then a loss function via £(6, ") := a(Py, Py). Notice
that the loss depends on the model in the sense that for two statistical models and the same function
a the loss ¢ might be very different.

These loss functions play an important role and turn out to be natural choices of loss functions.

Let (X, .A) be a measurable space and P, () two probability measures on (X, .A). Suppose
that v is a probability measure dominating P and @, that is, v(A) = 0 for A € A implies
P(A) = Q(A) = 0 (as usual, we write this as P < v and Q << v). Such a v can always be found,
take for instance v = %(P + Q). Then, the v-densities p = and q= dQ exist.

Definition 1 (Total variation distance). The total variation distance between P and Q) is

V(P.Q) = sup [P(4) = Q)| = sup| [ (0= ).



26 CHAPTER 2. STATISTICAL ESTIMATION THEORY

Definition 2 (Kullback-Leibler divergence). The Kullback-Leibler divergence between P and Q)
is defined as

log (L) dP, if P < Q,
K(pQ) - {1l dh I P<q
00, otherwise.

The total variation should not be confused with the variance of a random variable. We make
frequently use of the following properties of the total variation distance. Firstly, the total variation
takes values in the interval [0, 1], thatis 0 < V' (P, Q) < 1. By Scheffé’s theorem (cf. Lemma 2.1
in [28]),

VPQ) =3 [Ip=ddv =1~ [min(p.q) v

A consequence is that the total variation is a distance on the probability measures over a measurable
space.

The Kullback-Leibler divergence is not a distance. In particular, it is not symmetric. But
it is always non-negative. This follows from applying Jensen’s inequality to K (P, Q) =
—f log(g—g) dP > —log [ g—g dP = 0. For Gaussian measures, the Kullback-Leibler divergence
leads typically to explicit and relatively simple expressions. Moreover, it is additive under indepen-
dence in the sense that if (X', A) = (X1, A1) X (X, A2) and P = P, ® Py and Q = Q1 ® Q2,
with P;, Q; defined on (X}, A;), then also K (P, Q) = K(P1, Q1) + K(Ps, Q2).

The total variation distance and the Kullback-Leibler are related through Pinsker’s inequality,

V(P,Q) < K(Z’Q) 2.6.1)

cf. Lemma 2.5 in [28].

2.7 * Which loss function should one pick?

An estimator that gives fast convergence rates with respect to one loss function might still perform
badly with respect to another loss. Suppose that we consider a function estimation problem. An
estimator achieving fast rates with respect to the sup-norm loss will lie in a small band around the
true function. But the reconstruction can be much rougher than the true function, see Figure 8 for
an example. Even though such a reconstruction has small risk it might still lead to an incorrect
interpretation of the data. If we also consider as a second loss function the sup norm of the
derivatives, an estimator that is much rougher than the truth will be ruled out.

Studying an estimation problem under several loss functions provides us in general with a
better understanding of the statistical problem and leads to more robust statistical procedures.

Normally the loss is chosen depending on the underlying parameter space. If the parameter
space is a function space of locally regular functions, then we should also select a loss functions
that controls the pointwise approximation error. We will see some examples in the subsequent
chapters.
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2.8 Exercises

Ex. 2.1 — Let F denote the parameter space in (1.3.1). According to Section 2.1, the nonpara-
metric regression model can be written as collection of probability measures (P : f € F).
Determine P.

Ex. 2.2 — Suppose we observe X1, ..., X,, ~ F with F' € F an unknown c.d.f. Rewrite this as
statistical model of the form (P : F' € F) and determine Pr.

Ex. 2.3 — Prove (2.3.1).

Ex. 2.4 — [difficult !!!] Let P be the distribution with Py(X = 0+1) = Pp(X =60—-1) =1/2.
Suppose we observe two independent copies X1, Xo ~ Pp. Show that

_

inf sup Fy 0—0 > —,
6 0eR “ H 2

where the infimum is taken over all estimators. Show that there is an estimator 6 such that
Py(6 = 0) = 3/4.

This shows a drawback of the concept of estimation risk. The risk is the expectation over the
dataset but this is misleading as in practice, we only observe one dataset. With probability 75%
the dataset in the setting above will allow us to reconstruct the true parameter perfectly.

Ex. 2.5 — Suppose we observe a sample of n i.i.d. binomial random variables,

idd. 1o
X1,..., X, =~ Bin(m,p).
Both parameters m and p are unknown and we are interested in estimating m. A possible estimator
for m is the sample maximum m = max;—, ., X;. If m and p are fixed, this estimator converges
exponentially fast to m as n — oo since

P(m=m)=1-P(m<m)=1-P(X;<m)"=1-(1-P(X;=m))"=1-(1-p")"

Exponential convergence indicates that the estimator should approach the true value extremely
fast. Although the convergence rate is exponential, the sample maximum estimator m does not
perform well in practice if p is small. Consider for instance the setting p = 0.1 and m = 10. The
probability that for sample size n = 10° (one billion !) the sample maximum coincides with the
true value is still less than 10%.
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Chapter 3

Kernel density estimation

3.1 Introduction

Recall that in the density estimation model, we observe X1, ..., X,, ~ f i.i.d. for some unknown
Lebesgue density f € F. In this chapter, kernel density estimators are introduced and discussed.

Figure 5 is a good start to understand the difficulty of the problem. The statistical task is to
reconstruct the density in the right panel from the observed sample displayed in the left panel.
Clearly, the relative frequency of observations within a small interval corresponds to the height of
the density in this interval. Differently speaking, if U is a neighborhood of a point z(, we can

approximate
#i: X; €U}
flu , (3.1.1)
IUI/ nIUl

where |U| denotes the Lebesgue measure of the set U. The right hand side can be computed from
the data. All approaches to density estimation are variations of this very elementary fact.
3.2 Histogram estimator

For a real number a and a binwidth 2 > 0 consider the number of observations in the interval
(a + kh,a + (k + 1)h] of length h, that is,

Niha = #{i:XiE(a+kh,a+(k+1)h]}, keZ,

where # denotes the cardinality (or number of elements) in the set. Notice that at most n of the
Niha’s are non-zero. The histogram estimator f, ;> fhist i then defined as

Aﬁf‘fi— " | Z Ninal(- € (a+ kh,a+ (k + 1)R)). (3.2.1)

This estimator coincides with (3.1.1) for U the interval (a + kh,a + (k + 1)h] containing x.
Convergence rates for the histogram estimator are derived in Exercise 3.4 and Exercise 3.5. The
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Figure 8: True density (blue), histogram with parameters a = 0, h = 0.8 (black), and kernel
density estimator with rectangular kernel and h = 0.4 (red).

histogram can also be viewed as the MLE with parameter space consisting of piecewise constant
densities on the intervals (a + kh,a + (k + 1)h], see Exercise 3.6.

The parameter a in the histogram seems to be very arbitrary and there is often no natural way
where to include the jumps. Notice that if we add an integer multiple of /2 to a, the estimator remains
the same. To avoid choosing a € [0, k), we can consider the average Fan =71 fo n}f; da. It
can be shown that

Jun = — Z (1- ‘)+ (32.2)

where (y)+ := max(y, 0). This motivates kernel density estimators.

3.3 Smoothing and the kernel density estimator

Using U = [x — h, z + h] as a neighborhood of z in (3.1.1), we obtain

fio w PSSR 2 D e (Y

) 3.3.1)
with Ky = %1( € (—1,1]). The expression on the r.h.s. is an estimator of f(z) since it only
depends on the data and not on the unknown density f anymore. To introduce a generic function
K has teh advantage that we can write several estimators in this form such as for instance (3.2.2)
with K (z) = (1 — |z|)+.

Recall that for a density [ f = 1 and this should (approximately) also hold for the esti-
mated density. If we replace K by any other function X : R — R integrating to one, that
is, ffooo K(u)du = 1, also the right hand side in (3.3.1) integrates to one. This motivates the
following definition.
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Definition 3. A kernel is a Lebesgue integrable function K : R — R satisfying ffooo K(u)du =
1. Moreover, for any h > 0,

x) (3.3.2)

~ 1 & X
=1
is called kernel density estimator with kernel K and bandwidth h.

The kernel density estimator depends therefore on the choice of the kernel K and the bandwidth
h. The bandwidth choice determines how local the estimator is. Taking the bandwidth to zero,
we recover the bad estimator ﬁg For h large we start to average everything out and the first
approximation in (3.3.1) becomes very imprecise.

Although we can take of course any function K that integrates to one, there are kernels
that are very popular or which have specific properties. Here are some examples. We refer to
the kernel Ky = %1( € (—1,1]) considered above as rectangular kernel and to the kernel
K(u) = (1 — |u|)4 as triangular kernel. The kernel K (u) = 2(1 — u?)1(- € (—1,1]) is called
parabolic or Epanechnikov kernel and K (u) = (2r)~Y/ 2¢=4%/2 is the Gaussian kernel.

The kernel density estimator with rectangular kernel is not the same as the histogram. The
difference is plotted in Figure 8. The number of jumps in the histogram is determined by the
binwidth, whereas the kernel density estmator with rectangular kernel has almost surely 2n jumps
with jump size 1/(2nh) (cf. Exercise 3.9).

Kernel density estimators still have a connection to the maximum likelihood principle, see
Exercise 3.14.

3.4 Reduction of the MSE to bias and variance

In this section we study risk bound for the kernel density estimator fn defined in (3.3.2). We study
the loss under the mean squared error and use the decomposition (2.3.1).

Lemma 1 (Variance bound). For any h > 0,

. 11l oo () 1117 2
<
Var (fn(x)) = nh

Proof. Using that the X; are independent, Var(Y) = E[Y?] — E?[Y] < E[Y?] for any random
variable Y, and substituting v = (u — x)/h gives

Var (7)) = (i 3= v (1 (* $>>§WE[K2<th>]

1 2(U—T _ 2
nhz/ooK( - ) ) du / K*(v)f(vh + ) dv

< Hf||L°°(R)||KH%2(R)
- nh '
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|

Figure 9: The plot displays the density f (blue) and the approximation h~* / feoo K((u —
-)/h) f(u) du for K the rectangular kernel and h = 0.2 (red). The bias of the kernel density
estimator is the difference between the two curves. The magnitude of teh bias heavily depends on
the local fluctuation behavior of the density. In particular, the bias is small in regions where the
density is smooth.

After having derived a bound on the variance, we will now study the bias term in the MSE.

Using fn(m) = LS K( Xi}; <), the bias has the more explicit representation

Bias (fn(a:)) = Ey [fn(af)] — f(z) = ill/oo K<u ; x)f(“) du — f(x) = Ap k(f).

- (3.4.1)

The first term on the r.h.s. is a locally smoothed version of f. The size of the bias is therefore
highly dependent on the allowed amount of local fluctuation of f. This, however, depends on the
underlying parameter space. If F consists of very smooth functions only, the bias will be small.
On the contrary, if F contains rough functions, the locally smoothed version of f can be far away
from f, cf. the illustration in Figure 9.

3.5 Holder spaces

The bound on (3.4.1) depends therefore on the underlying parameter space. One of the parameter
spaces is the space of Lipschitz functions that we already used as a motivation in Chapter 1. All
differentiable functions with bounded derivative are Lipschitz, but the opposite is not true. Indeed
the space of Lipschitz functions is slightly larger than the space of differentiable function. For
an example consider the function f(z) = |x| which is Lipschitz but not differentiable. Whereas
the notion of Lipschitz function is closely tied to one derivative, we now introduce a family of
function spaces, which can be viewed as the space of S-times differentiable functions. Here, 3 > 0
does not necessarily need to be an integer.
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We write | 3| for the largest integer that is strictly smaller than /3. For instance, |3| = 2 and

[3/2] = 1.
Definition 4 (Holder space). Let 5 > Oand D C R. For f : D — R, define the Holder seminorm

P (@) — P (y)]

fles == sup
e z#y x,y€D |z — y’B_W
and the Holder norm
18]
I £lles =D NF 7l zee(py + 1 fles-
r=0

The Holder space with index 3 is then
ch .= {f:D — Rwith | f|l¢s < oo}

For each index 8 > 0, we obtain therefore a space of ”’/3-smooth” functions on the domain
D. The index /3 is also called smoothness index. It is not difficult to check that | - |5 and || - ||¢s
are indeed (semi)norms on C?. Observe that for 3 = 1, the Holder seminorm coincides with the
Lipschitz constant.

Holder spaces appear in different disciplines in mathematics and there are variations in the
definition/notation. Our definition coincides with the space C#~L8J:18 (D) from PDE theory, cf.
[9]. In statistics, the Hélder norm is often defined as || f|| o (p) =+ ||/ || zoo(py + | flcs, that
is, only the sup-norm of f and fl%! are taken into account, see for instance [30], p.213. For
convenience we omit the dependence on the domain D in the notation.

Holder spaces control the local fluctuation of the function over different scales and are therefore
well-suited as parameter spaces for risk bounds with respect to pointwise loss. For the theory,
it would be enough to impose the Holder property in a neighborhood of z. For statistics it is
convenient to work with the Hélder ball, which for L > 0 is defined as

CA(L)={f:D — Rwith || f|es < L}.

The word ’ball’ comes from the geometric interpretation of a ball with radius R as set of all
elements with norm bounded by R. As an analogy, the constant L in the definition of Holder ball
is also called the radius. Below we consider Holder balls as parameter spaces. First we collect
some useful facts about Holder spaces. The proof is left as an exercise.

Lemma 2.
(i) If f € CP(L) and T € R, then f(- — 1) € CO(L).
(ii) K € CP(L) and h < 1 imply h°K(-/h) € C°(L),
(iii) If f € CP(L) with 3 > 1 then f is continuously differentiable and f' € C#~'(L).

For bounds on the bias, we use the following property of C? functions: For each x in the domain
D, the | B]-th order Taylor approximation around = approximates f at any point y € D with
remainder term bounded by | f|s|y — 2|?/|B]!. Vice versa, if a function f can be approximated
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at any point x by a | 3]-th order polynomial with remainder term scaling with (distance to z)°,
then, f is Holder with smoothness index 5. A more intuitive way to interpret Holder functions is
thus to think of them as functions that can be locally well-approximated by polynomials. This
characterization is also useful to introduce the Holder property on abstract metric spaces in order
to carry out a similar statistical analysis.

To kill the lower order terms in the Taylor approximation we need the following refinement of
kernels.

Definition 5. Let ¢ be a positive integer. A kernel K : R — R is said to be of order /, if
[ K (u)| du < 0o and [*2 WK (u)du=0,5=1,... L

Because of [/ K (u)| < (1 + [u[*"!)|K (u)] all integrals [* u/ K (u) du in the previous
definition exist. The key property are the vanishing moments. This condition states that the kernel
K should be orthogonal in L?(R) to the subspace spanned by U = {u, u?, ..., u’}. For explicit
constructions, see Exercise 3.11 and Exercise 3.12.

Now, we have the tools to bound the right hand side in (3.4.1). Notice that by definition of an

| 3]-th order kernel, [*°_|K (v)v?|dv is always finite.

Lemma 3. Given f € C? and K a kernel of order { = | 3|. Then, for any h > 0,

Bnsc(0)] <02 [ k)

Proof. Use the notation Substituting v = (u — z)/h in (3.4.1) yields Ap g(f) =
[ K(v)[f(x 4+ vh) — f(z)] dv. Since f € CP(L), we find by £ = |j3]-th order Taylor
expansion,

fFE D ()
(¢ —1)!

f(f) (x + Tvh)

17 (vh)’

f(z+vh) = f(@) + f@)vh+ ... + (vh)~ +

for some 7 € [—1, 1]. If we plug this expansion into the integral above and use that since K is a
kernel of order ¢, [w/ K (u)du=0forj=1,...,¢ and|7| <1,

);/_ZK(“;”“’)M du— f(2)) = \/_Z Koy

1 o0
gh"[‘/ | K (v)0*||oh|P~¢| f|es dv

— 00

[f(g)(x + 7vh) — ¥ ()] dv’

< h5|f;ﬂ/ ’K(v)vﬁ‘ dv.
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3.6 The MSE for kernel density estimators

For density estimation, the true function f is a density, that is, f is non-negative and integrates to
one. The parameter space is therefore the intersection of C”(L)-functions and densities

FHL)={f:f> o,/oo fu)du=1}NCP(L). (3.6.1)

Theorem 1. Work in the nonparametric density estimation model. Let 3 > 0 and L a positive
constant. Consider the kernel density estimator f,(x) for a kernel K of order | 3| that satisfies

1
|K|l2 < oo. If h = an™ 28+ then,

~ 28
sup sup MSE (fn(z)) < Cn™ 2+,
FEFB(L) z€R

for some constant C which does not depend on n.

Proof. Combining (2.3.1), Lemma 1 and Lemma 3, we see that there is a constant C' which does
not depend on n, such that for any h > 0,

sup sup MSE (ﬁl(x)) < sup sup Bias? (J?n(x)) + Var (ﬁ(x)) < C’<h2’8 + i)
feFh(L) z€R feFB(L) zER nh

1
The specific choice h = an™ 28+1 yields the result. O

Kernel density estimators can be easily implemented and do not involve difficult optimization
steps. The main challenge is to find a good value of the bandwidth h. The theoretical bandwidth

1
choice h = an  2A+1 in the previous theorem balances the squared bias and the variance in the
MSE in an optimal way but depends on the underlying smoothness of the true density which often
is unknown in applications. We address this issue later.

The MSE of the estimator f,,(z) has therefore the rate of convergence n T Tt describes
the approximation quality in dependence on the sample size n. Obviously, the MSE converges to
zero for increasing sample size whenever 3 > 0. This matches our intuition that for large dataset
we should be able to recover the true function value f(x) with arbitrary precision.

The rate of convergence n_% at which the MSE decays to zero becomes faster for large
smoothness index 3. This does not come as a surprise since a smooth density fluctuates less and
estimation should be easier. In the extreme case 3 — oo we approach the rate n~!. Because of
the squared loss this is the same rate that a parametric estimator would obtain that is at a distance
of order n~1/2 away from the truth.

We can use the rate of convergence to compare estimators. Estimators with fast convergence
rate are of course preferable. Later we prove that the rate of convergence nf% cannot be

improved by any estimator for squared pointwise loss. The kernel density estimator with properly
chosen bandwidth achieves therefore the optimal rate of convergence.
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3.7 * Estimation of derivatives

It is of interest to study pointwise estimation of derivatives of the density f, that is , of
f'(x), f"(x), ... (provided the derivatives exist). A natural question is whether the derivatives
of the kernel density estimator converge to the derivatives of f. We will show that under weak
assumptions on the kernel K, the answer to this question is positive.

Let r be a positive integer and assume that the kernel K : R — R is r-times continuously
differentiable. The r-th derivative of the kernel density estimator is then

1 <& X, —
= G (),
i=1

Decomposing the MSE as in (2.3.1), we have the following bound on the variance.

Lemma 4 (Bound of the variance of ﬁ(f)). Suppose that || f| oo ) < 00. If || K (7) lr2(r) < o0,
then for any h > 0,

< Hf||L<>°(R)||K(T)||%2(R)
— nh2r+1

Var (ﬁ(f) ()
The proof is the same as for Lemma 1. The bound for the bias is similar to Lemma 3.

Lemma 5 (Bias estimate). Suppose that f € FP(L) with 3 > r and K is a kernel of order
¢ = | B — r]| with compact support. Then, for any h > 0,

L o0
| Bias (ﬁl’")(x))‘ < hﬁ_rg'/ | K (v)0P "] dv.

—0o0

Proof. Since K is r-times continuously differentiable with compact support, we can apply r-times
the integration by parts formula and obtain for the bias,

Bias (F0@) = 2 [ KO (55 ) du— 10 0)

= ;/K(u;x)f(r)(u) du — f)(x).

The remaining proof follows by the same arguments as the proof of Lemma 3 since (") € C#~" (L)
by Lemma 2 (iii). ]

Thus, under the joint assumptions of Lemma 4 and Lemma 5, there is a constant not depending
on n or h, such that

C

MSE (7)) < ontr-r 4 O

The bandwidth choice h = an~/(26+1) gives the rate of convergence

28—2r

MSE (f)(z)) < n” 2551 (3.7.1)
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Figure 10: Bivariate density estimation. Raw data (left), perspective plot (middle) and contour
plot (right) of a bivariate density

Here < means that the r.h.s. is an upper bound up to a constant factor. Observe that the convergence
_2B-—2r
rate of the MSE deteriorates if we estimate higher derivatives. We will see later, that n= 25+1 is

the fastest rate that can be obtained. It is also interesting to notice that the optimal order n~1/(28+1)
of the bandwidth does not depend on r. If we pick the bandwidth of this order, the kernel density
estimator converges therefore with the optimal rate of convergence to f(z) but at the same time
also the derivatives converge with the fastest possible convergence rate.

An application: Exponential deconvolution

Consider the deconvolution model (1.3.6) with exponential errors, that is, f¢(x) = e *1(x > 0).
Assume that f/ € L*(R) N L>°(R). By Lemma 14 and Lemma 13,

o(t) = /0 T A= w)e e = f() + /0 TP - a)e e = £(1) + g'(1).

Therefore, f(t) = ¢(t) — ¢'(t). This motivates the estimator that replaces g and ¢’ by the
corresponding kernel density estimators

ﬁ<t>—;§K(”{t)+7fmgK’(T>

for bandwidth h > 0. The estimator for the density f can therefore be seen as an estimator for a
combination of g and ¢’.

To derive the rate of convergence, we assume that f € C°(L). The observations (Y;); come,
however, from the density g. We need therefore the Holder index of g. Integrating the inversion
formula above gives g(t) = G(t) — F(t). The right hand side can also be written as [~ F(t —
x)e~*dx — F(t). With f € CP(L) it follows that g € C#+1(2L).

The rate of convergence for estimation of the derivative of a 8 + 1-smooth density is therefore
driving the rate of convergence for f. By (3.7.1) the rate of convergence for the MSE is hence
n~28/(26+3) provided that the bandwidth has been chosen of the order h =< n!/(26+3),
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3.8 Estimation of a multivariate density

Another interesting generalization is to estimate multivariate densities. For simplicity, we consider
the bivariate case where f : R? — [0, 00). A random element drawn from this density is a random
vector (X,Y) in R2. The statistical task is to estimate f from observing n i.i.d. copies of (X,Y").
An example is provided in Figure 10.

In this case we have to impose smoothness constraints on the bivariate density (z,y) —
f(z,y). One way to do that is to assume that for any fixed z,y € R, the univariate functions
f(z,-) and f(-,y) are in the Holder ball F5(L).

As estimator, we can take a product kernel and estimate f(z,y) by

Falz,y) = nthZ?j;K(th)K(hy) 3.8.1)

Instead of a formal proof, we give a heuristic argument for the rate of convergence. Recall
that the sample size is n. The number of observations that fall into a neighborhood of radius
h around (z, y) is therefore of the order nh?. By the i.i.d. assumption, the variance is thus of
order 1/(nh?). The bias has order h?, which is the same as in the univariate case. Therefore,
MSE(z,y) < h* + 1/(nh?). The rate in n is optimized for the bandwidth h = an~1/(25+2)
and

MSE(f, (2, ) < n~ %2,

A similar argument can be employed for d-dimensional density estimation. In this case the
rate of convergence of the kernel density estimator with bandwidth b = an =1/ (26+d) jg

MSE (fu(z,4)) < n” 7.

The rate of convergence becomes worse as the dimension d increases. This effect is often referred
to as curse of dimensionality.

3.9 Bandwidth selection by cross-validation

Bandwidth selection is a delicate problem. If we chose the bandwidth too small the reconstruction
becomes highly oscillating and unstable. In this case, we say that the kernel density estimator
undersmoothes. The other extreme is oversmoothing where we pick a bandwidth that is too large.
In this case, we get a very slowly varying reconstruction smoothing out relevant features (see also
Figure 11).

In Section ??, we considered optimization of the bandwidth using the theoretical value of the
first order approximation of the MSE. In this section we study a similar procedure. Instead of
estimating the unknown quantities in the first order approximation, we discuss a general idea to
estimate the risk. The advantage is that this formula does not require the restrictive conditions
which are necessary to establish Theorem ??.

Instead of the MSE, we consider in this section the mean integrated squared error (MISE)
corresponding to L?(IR)-loss. Let fnh denote the kernel density estimator (3.3.2). We add the
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Figure 11: True density (left) and kernel density estimates for sample size 100, Epanechnikov
kernel, and bandwidths h € {0.1,0.3,0.5} (left to right). The reconstruction for » = 0.1 shows
typical undersmoothing behavior. The reconstruction with bandwidth A = 0.5 oversmoothes.

index h to make the dependence on the bandwidth explicit. The MISE is then
24
MISE = Ey[ [ (Funle) - ()" d

:Ef[/(fnh dm—Q/fnh d:c+/(f(x))2dw]

The last term does not depend on the bandwidth. It is therefore enough to estimate the functional

30 = By [ [ (Fanta))? do =2 [ Fonta) (e da].

The first term in the expectation does not depend on f and can be directly computed from the
data. In order to estimate the second term, define the kernel density estimator

Fona(a) = (n—ll)h§K<X 2

where we leave the i-th observation out. The sample size is then n — 1 and this explains the scaling.
Consider now

Lemma 6.
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Figure 12: True density (left), kernel density estimate based on bandwidth selection using cross-
validation (middle) and C'V'(h) (right).

Proof.

/\

E¢[G] = Ey[ fan,—1(X1)]
X;— Xy
:Ef[Ef[n_thM*))XlH
:Ef[}ll/K<u th>f(u)du}

:/;l/K(u;w)f(u)duf(:c)dx

On the other hand, by Fubini theorem

Byl [ Fa@)f@)de] = [ By [Fn(o)) (o) do
/

This suggests to estimate .J(h) by

CV( ) /(fnh x_*anh —1

Here, CV stands for cross-validation. Cross-validation is a general principle in statistics where we
split the data and use one part for estimation and the other part for prediction. In our case, we have

applied a version of leave-one-out cross-validation. The bandwidth choice is now a minimizer of
CV(h), that is,

he argming, ., CV(h).
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Kernel density estimation with this data-driven bandwidth choice works reasonably well. For a
simulation example see Figure 12. The only drawback is that it tends to undersmooth the density.
Many modifications and refinements of this method exist.

3.10 Exercises

Ex. 3.1 — Consider nonparametric density estimation with random sample size. The model is
N ~ Poisson(n) and given N, we observe X1, ..., Xx ~ f,i.i.d. Show thatY; = Zfil 1(X; <
t),t € R, is a Poisson process on R with time-varying intensity ¢ — nf ().

Ex. 3.2 — Check the following properties of the kernel density estimator fn
(i) [, fa(z)dz =1
(ii) if K is a kernel of order ¢, then [ a2‘f,(z)dx = 13" | X[

T n

Ex. 3.3 — Consider the kernel density estimator fnh (z). For a sequence of probability measures
(IL,),, on (0, 00), we now define a new density estimator

fa(z) = /0 - Fon(@)dIT, ().

This estimator takes a weighted average over all bandwidths. Show that if dI1,,(h) = aZhe~nhdh
with a,, = n'/(2#+1) then, under the conditions of Theorem 1, fn(x) has convergence rate
n~28/(26+1) for MSE loss. By taking weighted averages, it seems that one can circumvent the
bandwidth but a new hyperparameter occurs that depends - if chosen optimally - again on 3.

Ex. 3.4 — Let h* > 0. Consider the histogram estimator with » = h* and the kernel density
estimator f,, with rectangular kernel and bandwidth h = h* /2. Prove that for any k € Z,

Fata(at (k+ 3)07) = fa(a+ (k+ 5)R7).
with a the constant in the construction of the histogram (cf. also Figure 8).

Ex. 3.5 — Use the previous exercise and Theorem 1 to show that for the histogram estimator
1
with h = an” 26+ and 5 < 1,

. 26
sup sup MSE (ﬁ?}f;(x)) < Cn 2541,
fEFA(L) weR

for some constant C' which does not depend on n.

Ex. 3.6 — Show that the histogram estimator (3.2.1) is the MLE if the parameter space consists
of all piecewise constant densities on the intervals (a + kh,a + k(h + 1)].

Ex. 3.7 — Prove (??).

Ex. 3.8 — Determine the order of the kernels Ko = 31(- € (—1,1]), K(u) = 2(1 —u?)1(- €
(=1,1]) and K (u) = (27)~/2e=4"/2,
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Ex. 3.9 — Show that the kernel density estimator with rectangular kernel jumps almost surely
2n times. The total variation distance is therefore almost surely 1/ and this tends to infinity if
h — 0. The kernel density reconstruction with rectangular kernel is therefore much rougher than
the true density. This might be misleading in application, since the reconstruction will show many
local features such as local extrema which are pure artifacts.

Ex. 3.10 — Prove Lemma 2.

Ex. 3.11 — Denote by P(u) the L?[0, 1]-projection of the function 1(u € [0, 1]) on the linear
subspace spanned by {u, ..., u’}. Show that

1— P(u)

K = —— -\
() T(1—P(v))dv
is an ¢-th order kernel.

Ex. 3.12 — Define the (weighted) Legendre polynomials as ¢o(z) = 21/2 and

—— 1 " .
qu(QT): m+%mw($2—l) s m:1,2,...7

for || < 1 and ¢,,(z) = 0 for |=| > 1. These functions are orthonormal in L?(R). This means
that [ ¢, (2)dn(z)dx equals zero if m # n and equals one if m = n. Show that K (u) =

anzo m(0)®m (u) is a kernel of order /.

* Ex. 3.13 — Consider the functions f, : (0,1] — R, fo(x) = 2z with a € R. For any «,
determine the largest Holder index 3, such that f,, lies in the Holder space C°.

Ex. 3.14 — [Connection of kernel density estimation and MLE]
(i) Let ay, ..., a, be non-negative numbers. Show that the function

o= o 251)

is the unique pointwise minimizer over all non-negative functions g with |g|c1 < 1/h and

g(Xl) = a;.
(ii) Consider nonparametric density estimation for a sample X1,...,X,, € {r1,...,rg} for
some real numbers 71, . .., r; and some positive integer k. Show that if |r; — ;| > 2h for

all ¢ # j, then, the MLE over all densities f with | f|c1 < 1/h is given by the kernel density
estimator with triangular kernel. In particular, the result holds if | X; — X;| > 2h for all

i # j.

Hint: Apply the arithmetric mean - geometric mean inequality to

. f(X3)
Z.l;[l #{j: X; = Xi}

(iii) Show that |r; — r;| > 2h for all i # j is also a necessary condition.




Chapter 4

Nonparametric regression

In the previous chapter, we discussed kernel density estimators. In a first part of this section, we
transfer the idea of kernel smoothing to the nonparametric regression model introduced in Section
1.3. Many of the ideas for kernel density estimation carry over immediately, but the nonparametric
regression model leads to more technical proofs because of the discrete observation scheme.

4.1 Nonparametric regression with uniform random design

Consider the nonparametric regression model with uniform random design. Our sample consists
of n i.i.d. random vectors (U;,Y;) i = 1,...,n with U; ~ Unif[0, 1] and

Y; = f(U;) + &4, €iNN(O,1),i.i.d., 1=1,...,n.

Given a kernel function K : R — R, we can now define the estimator,

Ui _x>. @.1.1)

Fun(@) = %ZYK( -
=1

Notice the slightly different form, if compared with the kernel density estimator (3.3.2). Recall
that the MSE can be decomposed in bias and variance. For the bias, conditioning on U; and using
that E[Y;|U;] = f(U;) yields

Bias [Fun(0)] = — 3 B[y (Y=2)|o7]| - s
=1
_nlh;/;K<uhx>f(u)du_f(x)
=1 [ () e - 1)



46 CHAPTER 4. NONPARAMETRIC REGRESSION

Except for the different integration domain, this is the same as the bias for kernel density estimators
derived in (3.4.1). For the variance, we use that (U;, Y;) are independent,

Var (fnh(x)) - #V&r (YlK(Ulh_ x>>
#E[E[Yf\(fl]KQ(Ulh_ -)]
_ #E[(l—i—fQ(Ul))I@(?)}
(L £ IFIE)NENE
nh

IN

Theorem 2. Work in the nonparametric regression model with uniform design. Let 3 > 0 and
L be a positive constant. Consider the kernel estimator f,(x) for a kernel K of order | 3] that

1
satisfies | K||3 < oo. If h = an™ 2841 | then, for any fixed x € (0,1),

~ B
sup MSE (fn(:v)) < Cn_ﬁ,
fecs(L)

for some constant C which does not depend on n.

The theorem can be proved along the lines of Theorem 1. Details are left as an exercise.

4.2 Nonparametric regression with arbitrary random design

We might ask now, whether the estimator fn defined in (4.1.1) is still a good estimator if instead
of the uniform design, we consider the random design regression model (1.3.2), where we observe
iid. (X;,Y;),i=1,...,n, with

}/l:f(Xl)—l—&Z, 1=1,...,n.

The answer is no. To see that the estimator is heavily biased, we denote by p the marginal density
of the X; and follow essentially the same heuristic as for the bias above. This yields,

B7u@] = B[Blu@)[X,... %] = B[ rexgr (0]
=1

= [ FE (" st du fapta).

The estimator f,, estimates therefore f(z)p(z) in the nonparametric regression model with random
design. This only gives the right answer in the case that p(z) = 1 which would be assured for
instance if the design points X; are drawn from a uniform distribution on [0, 1]. If the density p is
unknown, we could simply divide by it and obtain an estimator for the regression function at x.
From an applied point of view, this is, however, unrealistic. A better method is to use the kernel
density estimator (3.3.2) to estimate p(z) from X1, ..., X,,.
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Definition 6. Denote by f,;(x) and py(z) the estimator (4.1.1) and the kernel density estimator
of p(x), respectively. The Nadaraya-Watson estimator with kernel K : R — R and bandwidth
h > 0 is defined as

o Tanle) S YK ()
fnl) = () Z;l:lK(Xih—x) (4.2.1)

if pn(x) # 0 and ﬁl(az) = 0 otherwise.

This estimator can be generalized further to so called locally polynomial estimators. To define
this class, rewrite the ¢-th order Taylor approximation

f(é) (z0)
14

Definition 7. Let K : R — R a kernel, h > 0 a bandwidth parameter and ¢ = 0,1,2, ...
Consider a vector 0,, = 0,,(x) € R satisfying

f(x) =~ f(xo) + f(xo)(x —20) + ...+ (:L‘—;zco)Z

n ¢
§n € argmingcpe+1 Z [YZ — Z 0;(X; — x)j]2K<X¢h— IL‘)

i=1 j=0

Taking the first component of the vector é\n gives an estimator for f(x) and this estimator is called
locally polynomial estimator of order £ of f(x).

The idea is that we fit in a weighted least squares sense the best polynomial of order £ to the
data.

4.3 Exercises
Ex. 4.1 — Prove Theorem 2.

Ex. 4.2 — Verify that the Nadaraya-Watson estimator with non-negative kernel coincides with
the locally polynomial estimator of order zero.






Chapter 5

Function estimation in the Gaussian
white noise model

5.1 Equivalence of the Gaussian white noise model and the
sequence space model

Let (W¢).e[0,1) be a Brownian motion and recall the definition and properties of the integral
J ¢(t) dW, in Section 13.2. The Gaussian white noise model was introduced in Section 1.3.
Recall that in this model, we observe the path of the process (Zt)te[o,l} with

¢ 1
7 _/0 fluydu+ =W, te[0.1], G.1.1)
where f is the unknown regression function and W is a Brownian motion. Throughout the
following we always assume that the parameter space is a subspace of L?[0, 1], implying that
f € L?[0,1]. The motivation of this model is its interpretation as a continuous version of the
nonparametric regression model with uniform fixed design. Indeed we will see that the Gaussian
white noise model leads to an elegant theory avoiding discretization effects that occur in the
regression model. The practical use is rather limited but includes the important problem of image
denoising, see Section 5.6 below.
This model is equivalent to observing

1 1 1
/0 o(t) dZ, = /0 (0 £(t) /O o(t) W, (5.12)

1
dt + —
+ Jn
for all simple functions ¢, that is, ¢ is a linear combination of indicator functions. Since f €
L?[0,1], we can take limits and find that given (5.1.1), we also can observe (5.1.2) for all ¢ €
L?[0,1]. Here fol ¢(t) dW; has to be understood as Wiener integral.
The Gaussian white noise model is therefore often written in the differential form

1
dZ, = f(t)dt + ﬁth’ telo,1], (5.1.3)

49
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which just means that we have access to all scalar products | ¢(t) dZ; with ¢ € L?[0,1]. Since
the indicator functions ¢ (t) = 1(¢ < s) are in L2[0, 1] we can recover from the differential form
the integral form (5.1.1) of the Gaussian white noise model, proving that the differential and
integral form of the Gaussian white noise model are equivalent.

With these properties of the Wiener integral, another equivalent representation of the Gaussian
white noise model can be derived. Let (¢1)r—1,2,.. be an orthonormal basis of L?[0,1], then,

€k = /‘ﬁk(ﬂ th 1}\(‘1 N(07 1)7 k= 1727 T

and therefore, the Gaussian white noise model implies that we can observe the random variables
(Z k) 1 With

i = fu + en KN(0,1), k=1,2,... (5.1.4)

1
ﬁgka
and fi := fol o (t) f(t) dt. The scalar product fy, is the k-th basis coefficient of f with respect to
the basis (¢ )k In the statistics literature, the fj,’s are sometimes referred to as Fourier coefficient
even if (¢ ) is not the Fourier basis. Model (5.1.4) is the so called sequence model. It says that
we can observe the Fourier coefficients of the regression functions subject to a Gaussian error
with variance 1/n. Since

f= Z fedr, with convergence in L?[0, 1], (5.1.5)
k=1

this gives us a method to reconstruct f from (Z)g.

From the sequence model, we can also recover the Gaussian white noise model. Since for any
¢ € L?[0, 1], there exist ¢, with ¢ = > 3% | cpx, we must have [ ¢(t) dZy = > 72| ¢ Zy. This
shows that sequence model and Gaussian white noise model are equivalent. Nevertheless, the
sequence model depends on the choice of an orthonormal basis of L2[0, 1].

5.2 [Estimation in the sequence model

What is a good estimator of the regression function f based on the sequence model? A naive
estimation strategy would be to use the basis expansion (5.1.5) and to estimate each fj by Zj.
This would then give the estimator

F=>Zwn (52.1)
k=1

which turns out not to be well-defined since (Z)y, ¢ ¢, thatis, >, ZZ = oo, a.s. (this should
be checked as an exercise). In order to better understand the problem, we could ask which basis
coefficients carry relevant information about the signal f? The answer is, that smoothness of the
signal can be typically expressed as decay of the Fourier coefficients in the sense that a very smooth
functions corresponds to a rapidly decreasing sequence ( fy ), of basis coefficients. Consequently,
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Figure 13: True regression function (red) and reconstructions (blue) based on the Fourier series
estimator and cut-off M,, = 3,5, 10 (from left to right). Sample size n = 2000.

only the first few coefficients are relevant and the rate at which the difference f — 224:"1 frow
converges to zero, as M,, — oo, depends on the regularity of f. The idea is therefore, to modify
the naive estimator (5.2.1) by introducing a cut-off.

Definition 8. Ler (M,,),, be a sequence of positive integers. The (Fourier) series estimator with
cut-off level M, is

o~ Mn
Fn=>_ Zior. (5.2.2)

k=1
Notice that Efu(t) = Yo frow(t), Bias(fa(t) = — a1 frox(t), and
Var(fn(t)) = SoMn Var(Z)¢2(t) = SoMn ¢2(t)/n. Using (2.3.1) and that (¢y)y, is an or-

thonormal basis, the mean integrated squared error (MISE) for this estimator can therefore be
computed explicitly

~ 1 >
MISE (f,,) = /0 MSE (fn(t)) dt
1 ~ ~
= /0 (Bia82 (fn(t)) + Var (fn(t))) dt

[e.e]
M,
= 3 e (5.2.3)
k=M,+1 n

What we see from this formula is that there is again a bias-variance tradeoff. Making M,, large,
the variance becomes big and for small M,, we have a large bias. To find a good balance between
these two types of errors requires knowledge of the decay of the basis coefficients ( fx ).
Although the theoretical analysis of the series estimator is quite straightforward, these esti-
mators have many drawbacks in practice. Some of them are displayed in the reconstructions in
Figure 13. For this plot, we have used the sequence model with true regression function f(x) = x



52 CHAPTER 5. FUNCTION ESTIMATION IN THE GAUSSIAN WHITE NOISE MODEL

and (¢ )i the trigonometric basis
b0 =1, ¢or(t) = V2cos(2knt), Gopi1(t) =V2sin(2knt), k=1,2,...

It is well-known that (¢, ), is an orthonormal basis of L2[0, 1], cf. Lemma 16. The reconstruc-
tions show that the Fourier series estimator leads to boundary problems. Indeed because of the
periodicity ¢ (0) = ¢ (1) of the basis functions, the Fourier series estimator will also have this
property irrespective of what the true regression function f is. The Fourier series estimator does
therefore not converge pointwise to the true function at the boundary points. Another drawback
are the oscillations that are due to the cut-off in the Fourier domain and clearly visible in the
reconstruction. Unless one has some periodic signal, these oscillations might be misleading and
are an artifact of the method.

The problem with the Fourier series is that the signal is localized in the frequency domain
but not in the coordinate space. This also becomes apparent if one studies the Fourier series of a
step functions which leads to highly oscillating behavior at the jump point also known as Gibbs
phenomenon.

There are other orthonormal bases of L2[0, 1] which localize signals in the frequency domain
and the coordinate space simultaneously. Using these methods, some of the problems of Fourier
series estimators can be removed.

5.3 * Boundary correction of series estimators

One possibility to overcome boundary effects is by adding functions to the function system. In the
case of the trigonometric basis, we can for instance add the function g(z) = z. Since g(0) # g(1),
this breaks the periodicity.

By adding functions to an orthonormal basis we obtain non-orthogonal function systems and
the theory from above does not apply anymore. There are different options. First, we can use Gram-
Schmidt orthonormalization to make the functions orthogonal. Gram-Schmidt orthonormalization
works as follows. Given a function system {¢; : j > 0}, define the functions &Fj successively via

b= ¢ — Zl<j<¢jv%€>$é.
To- > 1<)y de)?

Then, {5] : 7 > 0} forms an orthonormal system and we can apply the theory above.

5.4 Haar wavelet

Let ¢ = 1(- € [0, 1]) be the indicator function on [0, 1] and let ¢y = 1(- € [0,1/2]) — 1(- €
[1/2,1]) be the difference between the indicator function on [0, 1/2] and [1/2, 1]. Further define

ik =222 k), j=0,1,..., k=0,...,2 —1

and observe that the support of ¢); ;. is [k/27, (k + 1)/27]. The functions 1), s, thus become more
and more concentrated for large j, see Figure 14.
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Figure 14: First eight Haar wavelet functions

Definition 9. The set of functions {¢} U {tp; : j =0,1,..., k=0,...,29 — 1} is called the
Haar basis or Haar wavelet.

Theorem 3. The Haar basis forms an orthonormal basis of L]0, 1].
As a consequence of the theorem we have that

oo 271

f=co+ > > digtjr, with co—/ f(u) du, d]k_/ Fu)jp(u)du, (5.4.1)

7=0 k=0

and convergence is in L? [0, 1]. The scalar product ¢y is called (Haar) scaling coefficient and we
refer to the (d; 1), 1 as (Haar) wavelet coefficients. In contrast to Fourier series, the Haar wavelet
expansion has two indices k£ and j that induce translation and dilation of the wavelet function.
The index j is called resolution level.

Proof of Theorem 3. We verify the two conditions in Exercise 11.1. It is easy to see that the basis
functions are L2-normalized. Moreover, [ t;;(u) du = 0 and therefore ¢ is orthogonal to v;
for all 7, k. The support of v; 1, and 1) ;- is disjoint if £ # %’ and therefore the basis functions with
the same j and different % are all pairwise orthogonal. The scalar product of 1; ;. and v/ with
J < j' must also vanish since the function 1; j, is constant on the support of the function ¢ s
and [ 9 i (u) du = 0. We have therefore proved that the Haar wavelet forms an orthonormal
system of functions.

It remains to check the second condition in Exercise 11.1. This means that if fol f(u)du=0

andf0 w]k( )du-Oforallj,k thenf—O
Let F(s) = [ f(u)du. Observe that fo = 0 implies F(1) = 0. Moreover,
fo ¢01 (u)du = 0 and F(1) = 0 show that F(1/2) = —F(1/2) and thus F(1/2) = 0.
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Figure 15: Signal (left), scaled Haar wavelet coefficients (middle) and noisy scaled Haar wavelet
coefficients (right). In the two plots on the right, the j-th horizontal line displays the 27 wavelet
coeflicients on the j-th resolution level. The wavelet coefficients on the j-th resolution level are
multiplied by a factor 27/ to better display the wavelet coefficients on the larger resolution levels.
This also explains why the noise becomes more visible for large j.

From fol f(uw)i11(u) du = 0 we then obtain that F'(1/4) = 0 and from fol ()i 2(u)du =0
that '(3/4) = 0. Continuing, we derive F'(k/27) forall j = 0,1,...and k =0, ..., 2/.

We apply the Lebesgue differentiation theorem (Theorem 15) for d = 1. Thus for a Lebesgue
integrable function £, lim._,o(2¢) " fjf; f(u) du exists and is equal to f(x), almost everywhere.
This shows f(z) = 0 almost everywhere which completes the proof. O

As mentioned above, smoothness can be translated into decay conditions of the basis coeffi-
cients. The next lemma provides a bound on the decay of Haar wavelet coefficients for Holder
functions.

Lemma 7. If f € CB(L) with B < 1, then |co| < L and |d;,| < L2~ 528+,

Proof. |co| < ||flleo < L and

N[,

(k+3)/27 , A . A ;
\djx| = |2 / (f(u) = flu+2777h) du‘ < 212197 BUH)g=i=1 < 197320+
k

/2

O]

The lemma only covers smoothness index up to 3 = 1. For 3 > 1 one obtains because of
the embedding C#(L) C C*(L), that |d; x| < L2~% . Indeed, this bound cannot be improved
much. Consider for instance the function f(x) = x that lies in any Holder space. The wavelet
coeflicients can be computed explicitly as d;; = 9~% =2, Haar wavelets are therefore not able
to capture higher order smoothness in the signal. The situation is comparable with higher order
kernels which also capture the right bias only up to a certain upper bound.
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Due to the two indices in the definition of the wavelet functions, we need to rewrite the
sequence model accordingly. If the Gaussian white noise model (5.1.3) is applied to the Haar
basis, we observe Zy and (7 1) 1 with

1
Zo=co+ ﬁ&)

1 .
Zjk = djx + N

where g and (5j7 k) j.k are ii.d. standard normal. As an estimator for f, we can consider the wavelet
series truncated at resolution level M,,,

=0,1,...; k=0,1,...,2 — 1.

M, 27—-1

Fa=2043. % Zisthin- (5.4.2)

7=0 k=0

Theorem 4. Suppose that 3 < 1 and M, is chosen such that 2Mr < nV/ 8+ then,

-~ s
sup MISE (f,) < "
fech(L)

Proof. Following the same argument as in (5.2.3) and using Lemma 7 (now we have 2/»+1
coefficients that we keep)

o 291 oMp+1

MISE (f,) = > > d%+

F=Mn+1 k=0

)

<r* > 2%y

22_2(Mn+1)5 + 2Mn+1
1—2-28 n

__2B
<no 2T,

n

2Mn+1

n

5.5 Adaptive wavelet thresholding for Haar wavelet

So far, we have discussed various nonparametric estimators which all require prior knowledge of
the smoothness of the true signal in order to choose a suitable bandwidth or truncation level. From
a statistical point of view, this is a serious restriction, since the smoothness is typically unknown.
In this section, we provide a wavelet estimator which is independent of 3 and gives the good rate
(n/ logn)~#/(2A+1) under supremum norm loss as long as 0 < 3 < 1. Such procedures are called
adaptive because they adapt to the true smoothness.
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Figure 16: Same as Figure 15 with Doppler signal.

The motivation for the wavelet truncation estimator (5.4.2) was that the wavelet coeflicients
are small on large resolution levels. Only the first resolution levels contain therefore relevant
signal and on large resolution levels the noise dominates. This can be seen for instance in Figure
15 and Figure 16 (to make the wavelet coefficients on high resolution levels better visible, the
scaled coefficients 27/ 2dj7k are displayed). If the smoothness of the signal varies also the wavelet
coeflicients on one resolution level can be of different magnitude. This can be seen for instance
for the Doppler function in Figure 16. The Doppler function oscillates more and more as x |, 0.
This is reflected in the inhomogeneous size of the wavelet coefficients on the same resolution
level. Instead of the estimator (5.4.2) a better idea is therefore to truncate wavelet coefficients
individually. We keep the large coefficients since these are the ones that cannot be only due to the
noise and which therefore must contain some signal. The small coefficients might just be caused
by the measurement noise and are set to zero to reduce the variance of the estimator. The wavelet
thresholding estimator with threshold T > 0 is then defined as

J 2i-1

For =20+ Zjud(|Zjx] > 7). (5.5.1)

=0 k=0

To compute the estimator it is more convenient to have finitely many terms instead of an infinite
sum. Therefore, a maximal resolution level J is introduced. In most applications J is chosen
such that 27 =< n. Wavelet coefficients on resolution levels j > .J can typically be shown to be
negligible compared with the convergence rate.

For the performance of the estimator, it is important to pick a good threshold value 7. One of
the most common choices is the universal threshold

=1/ 2logn. (5.5.2)
n

Let us briefly motivate this value. Recall that the idea of the threshold is to select empirical wavelet
coeflicients Z; , = d;x + n=1/ 2€j,k for which we can be certain that they contain information
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about the signal, that is, d; 5 # 0. This can be phrased as hypotheses test, where a coefficient is
selected if the null hypothesis d; ;. # 0 can be rejected with probability 1 — c. Since there are in
total O(n) simple tests, this would still lead to selecting an a-fraction of the noisy coefficients
which, if « is fixed, does not help to improve the variance of the estimator. A better way is to
think of threshold value selection as multiple testing problem. Then, we should choose 7 in such
a way that the probability of making one false rejection becomes small and we therefore can be
certain that all selected coefficients contain signal. We should thus pick 7 such that

P( max max ekl > v/nT) = "small”

Since the maximum over m i.i.d. standard normal r.v.’s behaves like /2 log m and max ;< ; maxy,
is a maximum over O(n) indices, this motivates the universal threshold (5.5.2).

Now, we are ready to state the main result of this section. To simplify the proof, we work with
a multiple of the universal threshold.

Theorem 5. Consider the wavelet thresholding estimator f:w in (5.5.1) with 7 = 44/logn/n
and maximal resolution level 27 such that n/2 < 27 < n. Then, forany 0 < <1,

sup Ef[”ﬁzr — fllse] S (n/log n)~B/(2B+1),
fech(L)

Proof. Let J* be the smallest integer such that [273(26+1) < 7/2for all 7 > J*. Observe that

Lo T3t es) o 7/2 < L2~ (26+1) and therefore,

27" = 7728 = () 1ogn) !/ (2AHD), (5.5.3)

By Lemma 7, |d; | < L2~ 326+1) Together with the bound in Exercise 5.1,

Fnr = £l (5.5.4)
J o
< [Z0 —col + ;2]/2 k021 |21 (1Zj k] > 7) = dj] +j;1 29/2 e |dj

J 00
E . E'Jg s
_ ‘\/‘%’ +y i max (‘\jﬁ’ 1(1Zjk| > 7) + |djn|1(1Z58] < ’7’)) +L S 27f,
=0 j=J+1
(5.5.5)
Because of

T T . % T
{1Zjr| > 7} C {\dj,kl > 5 Ulgjrl = \/55} - {J < J U ekl > \/55}

and

37
{1Zjkl <7} C {!dj,k\ <5 u &)k

- iz}
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we can further bound (5.5.5) from above by

For— 7]l < &2 +zw c(Sth < ryv (24 D)1 en > var2)

+ 11 (ldjl < 37/2)) +L Y 2798 (5.5.6)
j=J+1

using also |d; ;| < L. Now, we control the expectation of the terms in the sum on the r.h.s. With
Lemma 20 and Jensen’s inequality,

E[ max |ej]] < v2log2 +1 < /2logn+ 1< 24/logn,

k=0,...,.27 —1

for all j < J and all n > 2. With (5.5.3),

/ o(J +1)/2 _
< J* <9 logn 22]/2 logn 2 1
n V2 -1

<) "
logn '

For ¢ ~ N(0, 1) it follows that E[|¢|1(|¢| > u)] = \/2/m exp(—u?/2), cf. Exercise 14.1. Recall
also the Gaussian tail bound in Lemma 19. For the second term in the sum in (5.5.6), we bound
the max;, < >, and

J

B3 2/ ma y\%

J=0

{Z2J/Qma (%‘ L)l(\5j7k]2\/ﬁ7'/2)}

IN

251/2<f [€11(1¢] = 2v/logn)] + LP(j¢] = 2y/logn) )

<
Il
o

J 3(J+1)/2 3/2
Zw:i.?( o1 a2,
=~ n? 2321 ~ 2321

Finally, for the last two terms in (5.5.6), using (5.5.3) again,

IN
:\,,;

J S
sz/zmgx\dj,kuudj,k\ <3r/2)+L Y 2797

7=0 j=J+1
J* i .

<lz 21/2 4 [, i 2_j5:31-2(J+1)/2_1+L2 (J+1)5<( n )_2[3‘11

= j=J*+1 2 V2-1 1—-2-8 ~ \logn '

Combining the bounds for the individual terms in (5.5.6) gives Ef[anT = fll<] =

(n/logn)~B/CAHY L n=1/2 < (n/logn)~A/(25+1) uniformly over f € C?(L), which proves
the assertion. Ul



5.6. * IMAGE DENOISING USING THE 2D HAAR WAVELET 59

H™ e =
i "= sm <
I8 % =0 58
O B K

Figure 17: First 2d Haar wavelet basis functions. Representation is color coded (black — 1, grey
— 0, white — —1) .

5.6 * Image denoising using the 2d Haar wavelet

In this section, the Haar wavelet is extended to two dimensions. As application, we present an
algorithm for image denoising.

In the two-dimensional nonparametric regression model with fixed uniform design, we observe
avector Y, = (Yj jn)ij=1,.n With

Yijm=F(E L) +eijn,  cijn =~ N(O,1).

We might interpret the regression function f as the true image with colors converted into numerical
values. The observations Y; ; , are then the noisy pixel values.

The 2d Haar wavelet is the tensor product of the one-dimensional Haar wavelet functions. For
simplicity define ¢_1 := ¢ and let I; := {(—1,0), (j,k),7 = 0,1,...;k =0,...,2/ —1}.
With this notation, the 1d Haar wavelet functions can be written as {1 1. : (j, k) € 11 }. For the
2d extension, define Iy := {(j,k, ', k') : (4,k), (5, k') € I} and let

¢j,k7j/,k’ (:L‘a y) = ¢j,k(x)¢j’,k’(y)a for all T,y € [0’ 1]7 for all (]7 kvjla k/) € I2-

Definition 10 (2d Haar wavelet). The set of functions {1y : X € I2} is called the 2d Haar basis
or the 2d Haar wavelet.

In the definition, A stands for an arbitrary index (j, k, j/, k") € I>. The following theorem can
be proved similarly as Theorem 3.

Theorem 6. The 2d Haar basis {1y : A € I3} is an orthonormal L*([0, 1]?)-basis.
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Figure 18: Top: True image (left) and observed noisy image (right). Bottom: Reconstructed image
using hard thresholding with 7 = 77 (left) and reconstructed image using hard thresholding with
T = 117/2 (right).

Any function f € L?([0, 1]?) can consequently be written as

1 1
f=Y dxpy, with dxz/0 /O [z, y)a(z,y) de dy,

AL

where the sum converges in L?([0, 1]?). The next step is to estimate the wavelet coefficients from
the data. The route that we took in the 1d case is to start with the Gaussian white noise model
and to project the observed path onto a basis, which gives then the empirical basis coefficients. A
similar approach could also be worked out in two dimensions. Alternatively, we can extend the
discrete observations to a stochastic process Y™ = (Y); 1c[0,1] via

n
Yi=3 Yial(se [5H1).0€ [ 1)
ij=1

The basis coefficient estimates are then given by replacing the function f by the process Y,

1 1
0 = / / Y (2, y) d dy.
0 0
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Figure 19: Image compression has a denoising effect. Noisy image (left) and noisy image after
JPEG compression with quality parameter 5% (right).

The wavelet thresholding estimator is thus defined as

fr= Z@\lﬂgﬂ > 7).
Y

The effective sample size is here the number of pixels or n2. The universal threshold is therefore

Tr = /2log(n?) = 2+/log(n).

In Figure 18, the hard wavelet thresholding estimator is shown for grayscale images with threshold
levels 777 and 77 /2. For the universal threshold the method removes the noise in the reconstruction
but destroys also several finer details in the image. This is consistent with the choice of the
universal threshold which by construction only takes wavelet coefficients into account if we know
that they contain relevant signal with high probability.

As a second method, we consider wavelet thresholding with threshold 77 /2. Due to the smaller
threshold value, additional wavelet coefficients are incorporated into the reconstruction compared
with the universal threshold. The reconstruction shows that there is still a bit of noise in the image.
On the contrary, details such as the face of the cameraman are better preserved.

* Connection to digital image compression

Digital images on computers can be stored quite efficiently using compression algorithms. The
different file formats such as .png and .jpg stand for different compression methods. Denoising
and compression are closely related if not the same and this will be discussed in more detail in
this section.

The JPEG/JPG compression for digital images works similar than the thresholding method.
For JPEG compression the image is divided into smaller blocks. On each of the blocks a discrete
cosine transform is applied. This is the discrete version of the expansion with respect to the cosine
basis. The computed coefficients are then quantized, which has a similar effect as thresholding
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and puts many small coefficients to zero. These coefficients are then stored in an efficient way. If
a JPEG image is displayed, the transformation is inverted. Because of the small coefficients that
are assigned to zero, higher frequencies are cut-off. The reconstructed JPEG image is therefore
similar to the series estimator.

In JPEG, there is a quality parameter that determines the amount of compression. For high
quality parameters, almost nothing is thresholded and the reconstruction can hardly be distin-
guished from the original image. If the quality parameter is taken to be low, more of the empirical
coeflicients are set to zero. The denoising therefore becomes more pronounced. In Figure 19, the
JPEG reconstruction of a nosy image is shown with low quality parameter. The JPEG reconstruc-
tion is completely denoised. One should also observe that more coefficients are retained in areas
with smaller details.

The compression behind the JPEG 2000 file format works similarly as JPEG but uses wavelets
instead of the cosine expansion.

5.7 Exercises
Ex. 51— Let f = ¢y + Z;io Zitol d; 1 1 be the Haar wavelet decomposition of f. Show

that the uniform norm on [0, 1] can be bounded as follows

oo
1£lloe < leol + > 272 max |d;.
= k=0,...,.27 —1

Ex. 5.2 — Consider pointwise estimation in the Gaussian white noise model (5.1.1). For h > 0
and a kernel K € L?(R) define the kernel smoothing estimator

fla) = llz/olK(t;x) dZ,.

(i) Show that

and
-~ 2 u)au

(ii) Let 8 > 0. If K is a kernel of order ¢ = | 3], conclude that for z € (0,1),

~

sup  Ef[(flz) — f(2))?] < n~P/@5HD),
feChs(L)

provided that the bandwidth A = h,, is chosen such that h,, < n~1/(28+1)
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Ex. 5.3 — Work in the Gaussian white noise model (5.1.1). For 0 < A < 1 with 1/A a positive
integer, define the piecewise constant estimator

1/A
—ZZAJ 2001 e - 1A, A))

Denote the space of monotone functions with values between zero and one by M(R) := {f :
[0,1] — [0,1] : f monotone increasing} and let ||g||; := fo lg(t)| dt. Show that

sup  Ef[||f — flh] < A+ (nA)~Y2
fEM(R)

and find the value of A = A,, that minimizes the expression.

Ex. 5.4 — Prove Theorem 6.






Chapter 6

Shrinkage in the sequence model

6.1 Introduction

So far we were mainly concerned with upper bounds on the estimation risk. In this chapter, we
look at a criterion called admissibility. It turns out that already for parametric settings the MLE is
not admissible.

Throughout this chapter, we study the following version of the sequence model: Suppose we
observe the vector Y = (Y7, ..., Yy) with

Y, =0; +oei, g RN(0,1), i=1,....d (6.1.1)

for some fixed d € {1,2,...}. Here, o is known and § = (01, ..., 60,) is the unknown parameter
vector. The loss is again the squared ¢2-loss, £(6, 6') = S>%_ | (6;—8])? = ||0 —0'||3. As parameter
space, we take © = R%. Equivalently, we can also state the model as observing Y = (Y1,...,Yy)
with independent components Y; ~ N (6;, 02).

This model is slightly different compared to the sequence model (5.1.4) in the sense that it is
only d-dimensional. It also allows for a more general variance 2. In principle, we can always
normalize the model dividing the observations Y; by o or oy/n in order to obtain noise level o = 1
or o = 1/4/n, respectively. The assumption that o is known is very important. For unknown o2
there is no way to distinguish anymore the contribution of the mean vector from the noise. In
particular, no consistent estimator for o2 exists. In Section 6.5 we provide an examples where the
noise variance is known.

The sequence model (5.1.4) comes from nonparametric estimation in the Gaussian white noise
model with 0; being the series coeflicients of the unknown regression function. Model (6.1.1)
can be interpreted as observing a number of scalars 61, ..., 6, subject to Gaussian noise. Our
approach in this chapter is completely non-asymptotic in the sense that none of the quantities will
be taken to infinity. This also explains why there is no n in the model. In particular, the dimension
is called d and not n.

Since d is finite, estimation of the vector § = (61, ...,60;) in model (6.1.1) is a parametric
problem. The result are however mainly useful for high-dimensional problems that we will study
in subsequent chapters.

65
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The simplest version of model (6.1.1) is the case if d = 1. In this model, we observe one
Gaussian random variable Y ~ N/ (0, 0?) with unknown mean § € © = R. The “best” estimator
for 6 is given by the MLE 6 0 =Y. ”Best” can here mean many things in particular being minimax.
For d = 2, the estimator =Y is also best . For d > 2, the situation changes and 0 =Y is for
certain criteria not the optimal estimator anymore.

The chapter is structured as follows. In Section 6.2, we introduce admissibility and discuss its
relation to minimax risk.

6.2 Admissibility

Definition 11. An estimator 0 is called inadmissible for estimation of 6 € © and with respect to
the loss (, if there exists another estimator 0, such that

Eg[0(8,0)] < Eg[0(9,0)], forallde©
and
Ep+ [Z(g, 0%)] < Ep- [E(@H*)], for some 0" € ©.
If an estimator is not inadmissible, the estimator is called admissible.

Inadmissibility therefore means that there exists another estimator 0 with smaller risk. The
second condition in the definition requires that there is at least one parameter 6 for which the risk
is strictly smaller. Inadmissible estimators should therefore be avoided and we should better work
with 6.

Often one can prove that an estimator is inadmissible, but proving admissibility is an extremely
difficult problem and only few results are known.

Admissiblg estimators are not always better. In model (6.1.1) with d = 1, we could consider
the estimator § = 0 that irrespectively of the observation always assigns the value zero. This
estimator has risk zero for 6 = 0. If this estimator would be inadmissible, there would exist an
estimator 6 with smaller risk. In particular, the risk of 6 at § = 0 must also be zero which is only
possible if & = 0. This shows that 6 = 0 is an admissible estimator, but it is in general not a good
estimator. In particular, admissibility does not imply that an estimator is minimax.

Also the opposite is not true and there are inadmissible minimax estimators. This is plausible
since minimax estimators only need to be good in a worst case sense and admissibility requires
that an estimator cannot be improved anywhere. The following surprising result shows that even
the MLE in parametric models can be inadmissible.

Theorem 7 (Stein’s phenomenon). Work in model (6.1.1) with d > 2. Then the estimator =Y
is inadmissible.

A proof of Theorem 7 is given in Section 6.4. It is based on an explicit construction of an
estimator # with smaller risk and application of Definition 11. The estimator with smaller risk is
the James-Stein estimator

o?(d—2)

§JS:<1— )Y, ford > 2
[hqlE:
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[ ]
[ ]
[ ]

Figure 20: Shrinkage in 2d. The number of grid points at || - ||oo-distance = r from the origin
grows with 7 (left). Shrinkage to the closest grid point with smaller | - ||o-norm leads to the effect
that several less likely events are added up (right).

with |[Y 3 = 325, Y7,

One should observe that the James-Stein estimator is not a linear estimator because of the
scaling factor which depends on ||'Y||3. Since 1 — o?(d — 2)/||Y |3 is less than one, the estimator
shrinks the values Y7, ..., Yy towards zero. The shrinkage becomes stronger if ||Y |3 is small. It
can also happen that the scaling factor becomes negative. In this case one can also modify the
estimator and put the factor to zero. The so modified estimator is also known as positive part
James-Stein estimator.

Before we give a proof of Theorem 7, we try to provide some intuition why shrinkage appears
in higher dimensions.

6.3 Intuition for shrinkage

Intuitively, it is not clear why the James-Stein estimator could be better than the MLE. In particular,
one might wonder why this effect kicks-in for d > 2 and whether Stein’s phenomenon is just a
weird side-effect of working with the squared ¢2-loss. In this section, we provide some intuition
and try to show that inadmissibility of the MLE is a general phenomenon in high-dimensional
spaces.

The reason for the inadmissibility of the maximum likelihood estimator in high dimensions
has something to do with the ”speed” at which balls grow. To illustrate this, we might work with
a simplified model, where the parameter set © consists of all grid points (my, ..., mg) with
mi, Mo, ..., my integers. To simplify the exposition, we might also consider the componentwise
maximum loss £ (6, 0') = max; |0; — 0| = ||0 — 0'||co. There are (2r + 1)? — (2r — 1)¢ =
2d(2r)*1 4+ O(r9=2) grid points which are at ||-|| o-distance = r from the origin. This means that
the number of grid points grows polynomially with the distance r. In Figure 20, this is displayed
for dimension d = 2.

In this simplified model, consider the maximum likelihood estimator §MLE that estimates
the parameter by the most likely grid point. Consider also a shrinkage estimator 0 that picks
(one of) the grid point(s) @ that is at minimal maximum-norm distance to §MLE and satisfies
16]loe = (||0MLE|lsc — 1) Obviously, this shrinks the estimate towards zero. Now, we might
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Figure 21: Shrinkage on a tree

wonder which estimator has smaller risk. The shrinkage estimator takes a point that is less likely.
On the contrary due to the shrinkage, the grid points at || - ||o-distance = r from the origin are
mapped to the grid points at || - ||oo-distance = r — 1 from the origin. Therefore, several less likely
events have to be added up, cf. Figure 20. The number of the events depends on the growth of the
number of grid points which are at distance = r from the origin as r grows.

The last argument is a bit "handwaving’. To make the argument precise we will instead work
on a graph where the nodes take the role of the grid points. We consider a graph were except
for the so called root node, all nodes have three edges. One edge connects a node with a parent
node which is closer to the root node. The remaining two edges connect a node to children nodes
which are further away from the root of the tree. In graph theory terminology, we consider a
rooted, infinite complete binary tree, cf. Figure 21 for a visualization. On this binary tree we
define a random variable that takes values on the nodes of the tree. Let m denote a node, p(m) the
parent node and ¢1(m) and ca(m) the two children nodes. Write X ~ P,,, if P,,(X =m) =a
and P, (X = p(m)) = Pn(X = c1(m)) = Pp(X = ca(m)) = b where a and b are positive
numbers such that a + 3b = 1 ensuring that P, is indeed a probability distribution. If m is the
root of the tree, we set P, (X = m) = a+band P, (X = c1(m)) = Pp(X = ca(m)) = b.
Assume further that 0 < b < a < 2b. Suppose, we observe X ~ P,, and want to estimate n with
respect to the loss function 1(m # m’).

This model is very similar to the grid point model before if we link the origin to the root of
the tree and the grid points at distance = r from the origin with the nodes at level  (distance from
the root) in the tree, cf. Figure 20. In the tree model, the number of nodes on each level doubles
and therefore shrinkage should help.

Indeed, since b < a the maximum likelihood estimator in the tree model is My, = X and
this estimator has risk P,,(m # m) = 1 — a. Consider now the estimator m = p(X) which
estimates m by the parent node of X and thus shrinks everything one step towards the root of
the tree. If m is the root, we have P,,(m # m) = 0 and otherwise the risk is P,,,(m # m) =
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1 —Pyr(p(X)=m)=1-Pp(X € {ci(m),ca(m)}) =1 — 2b < 1 — a using the condition
a < 2b. The shrinkage estimator has thus smaller risk.

To understand the model, one can think of each node as a scientist. The root of the tree
represents the founding father of a research field. Except for the founder, a scientist has one adviser
(parent) and two students (children). Suppose we have an article written by one scientist in the
tree and we know the following rule: If a scientist has an publishable idea then with probability
a it will be published by the same scientist. The probabilities that the idea is published by the
adviser of the scientist or any of the two students are b. Given an article, we want to find out who
had the idea originally. Since a > b the intuitive estimator is to guess that the author itself came
up with the idea. The analysis tells us, however, that it is more likely that the idea stems from the
adviser of the author.

Finally let us comment on the connection between transient random walks and inadmissibility
of the MLE. It is well-known that the d-dimensional random walk becomes transient for d > 2
(this means a random walk started in the origin returns to a neighborhood of the origin only
finitely often) which is exactly the same condition as we have for the inadmissibility of the MLE
in Stein’s phenomenon in Theorem 7. There is indeed a deeper relation which was worked out
in the seminal article [2]. A similar phenomenon can be observed on the tree model. A random
walk (X;);>0 on the nodes with transition probability given by X;|X; ~ Px, will be transient
for all b > 0. For the shrinkage estimators we need, however, 2b > a and thus there is no perfect
one-to-one correspondence. One should notice that transience/recurrence is a general concept,
while shrinkage depends on the choice of the loss function.

Inadmissibility and shrinkage depends on the choice of the loss function. Loss functions
which are large if the estimator is far away from the truth might require less or no shrinkage.
Shrinkage as discussed above improves the original estimator for many realizations of the data
but might also lead occasionally to estimates that are quite bad and worse than the MLE. This
is not a contradiction to the notion of admissibility since admissibility is stated in terms of the
averaged loss or risk. A loss that is large if the estimator is far away from the true parameter gives
more weight to those events which makes shrinkage less favorable. As illustration consider the
binary tree model above with loss function the length of the (shortest) path between two nodes.
Compared to the loss function 1(m # m') the graph distance results in higher loss if an estimator
is far off. Assume b < a. The MLE returns the right node with probability ¢ and otherwise results
in loss one. The shrinkage estimator returns the right node with probability 1 — 2b and has loss
one with probability a and loss two with probability b. The risk for the estimator myg = X
therefore is 1 — a whereas the risk for the estimator m = p(X) is 1 — b. The MLE has then
smaller risk and shrinkage does not help.

* Motivation for the correction term in the James-Stein estimator

The previous section shows that shrinkage helps in higher dimensions. In this section we give some
motivation for the specific form of the correction term o%(d — 2)||Y||; 'Y in the James-Stein
estimator.

The loss function is £(6,0") = ||6 — €'||3. This means that if # and ¢’ are close, then, ||6]|3 ~
10]|3. The MLE GMLE — Y is unbiased for estimation of 6. It is, however, not unbiased for
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estimation of ||0]3. Indeed,
M
Ep[I0™"13] = Eo[IY N3] = 1163 + o*d
implying that the estimated 0 has in expectation a larger || -||2-norm than the mean vector . The ||- ||2-

projection of the MLE on the sphere {6’ : [|0'[|2 = [|0]|2} is 6 = (1 — 02d/(]|0]|2 + o2d))Y . Not
surprisingly, we find the same expression if we search for the estimator in the class {tY : t € R}

with smallest || - ||3-risk, see Exercise 6.1. Since § is unknown, 6 is not an estimator. With
Y12 =~ [|0]|3 + o2d, it is therefore natural to consider
2
o“d
Ly
( Y2/

which agrees with the James-Stein estimator up to a factor 1 — 2/d in the MLE correction term.
For any parameter, this estimator has a strictly larger risk than the James-Stein estimator, see
Exercise 6.8.

Again one should notice the important role of the loss played in the argument. A similar
reasoning already appeared in Stein’s orginial article [25], see also [4].

6.4 Stein’s lemma

Suppose that X ~ N(0,1) and f’(X) is absolutely continuous. If E[|f'(X)|] < oo then also
E[(1+ |X])|f(X)]] < oo, see Exercise 6.2

Lemma 8 (Stein’s lemma in one dimension). If X ~ N(0, 1), f is absolutely continuous and
E[|f"(X)]] < oo, then

B[X£(X)] = E[f/(X)).

Proof. Let K be a smooth function with support on [-2,2], K(y) = 1 forally € [—1,]]
and [|[K||leoc < 1, ||K'||coc < 0. Define the function f,,,(z) = f(x)K(x/m). Form > 1,
@) < 1£(@)] and | £,(2)] < [(@)] + |F(2)] - [ 7]l . Moreover, £, () = 0 for ] > m.

By assumption [ | f/(x)|e™ /2dx < oo and therefore also [ |z f(z)|e”* /?dz. By Lemma
14,

/azfm(a:)e_mQ/de:/f;n(x)e_‘”Q/de

for any m. Sinc for m — oo, fi,(z) — f(z)and f], (z) — f’(x) almost everywhere with respect
to the Lebesgue measure, we find using dominated convergence,

/mf(ac)e_””Q/de:/f’(x)e_xz/Qdac.
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In order to derive the risk of the James-Stein estimator, we need to consider the mul-
tivariate case where g : R4 — R9 Recall that 9; denotes the partial derivative with re-
spect to the ¢-th component. Write V - g = Z?Zl 0;g; for the divergence of g and define
X,j = (1‘1, e 7l‘j7171"j+1a e ,:L'd).

Lemma 9 (Stein’s lemma). Ler Y = (Y1,...,Yy) be as in (6.1.1) and suppose that g =
(g1,....94) : R* = R If for any j, xj — gj(x) is absolutely continuous for all x; € R
and almost all x_; € RI=1 with respect to the Lebesgue measure and

E[|0:gi(Y)|] < o0, forall i=1,...,d, (6.4.1)
then, Stein’s identity
E[(Y -0)Tg(Y)] =?E[V - g(Y)]. (6.4.2)
holds and
E[|[Y +g(Y) - 0|[5] = o0%d + E[20>V - (Y) + ||9(Y)|33]. (6.4.3)

Proof. Identity (6.4.3) is a direct consequence of (6.4.2). Define X = o0~ }(Y — ) and § =
g(o - +0). Observe that g(X) = ¢(Y) and 0;g; = 00;g;(o - +0). The latter implies V - g(X) =
oV - g(Y), where on the left hand side of the equation, the derivatives are with respect to X and
on the left hand side with respect to Y. Therefore it is sufficient to show

E[X'§(X)] = E[V-3(X)], X~N(0,1,), (6.4.4)

where A (0, I;) denotes a multivariate normal distribution with the d x d identity matrix I as
covariance.

We also have that E[|9;0;(X)]] < oo for all i = 1,...,d. With X_; :=
(X1,..., X1, Xi41,...,Xy4), we also have that

E[|9ig:(X)| | X 4] < o0

for almost all X _; with respect to the Lebesgue measure on R !andforalli =1,...,d. The
bound E[|0;9:(X)] ’ X_;] < oo implies by Lemma 8, that

o

oo
/ Digi(x)e ™" P d; = / wigi(x)e ™" /2 d;
—00 —00
for almost all x_;, which is equivalent to E[X;¢(X)|X_;] = E[0;¢:(X)|X_;]. By taking
expectation on both sides and summing over the index 7, we finally obtain (6.4.4). This completes
the proof. O

To check the conditions of Stein’s lemma for the James-Stein estimator we need the following
result.
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Lemma 10. IfY = (Y1,...,Yy) isasin (6.1.1) and d > 2, then,

1 1
> .
d+2N—2} “d+|0]3/0% -2

B(IY|3% = B|

For d > 2, we have moreover that E[||Y ||5%] < 1/(d — 2).

Proof. We start with proving the first equality. Observe that

1 1 1
E [—] — _E, [7} (6.4.5)
IY[3] o2 "lljo=10 + |3

and |07 + ¢|)3 = Z;l:l(a*lﬁj +¢;)2. If X; ~ N (i, 1) are independent, then 3¢ | X2
follows a non-central Xﬁ distribution with non-centrality parameter Zgzl 2. This distribution
can also be written as X?l o distribution where IV denotes a Poisson distribution with intensity
%E‘Ll 2. For the one-dimensional case (d = 1) this can be checked using characteristic
functions. The multivariate case can be reduced to d = 1 with the transformation formula, cf.
Exercise 6.4. Thus, [[0710 + €|3 ~ X3,y With N ~ Poisson(||0||3/(20%)) and we can further
rewrite (6.4.5) with U ~ X§+2N as

o[ yg) = £l ] = BB (5] = Blam =)

where we used for the last step that for the inverse moment of a X%—distribution, E[1/ Xi] =
1/(k — 2) whenever k > 2, cf. Exercise 6.6.

By Cauchy-Schwarz inequality, 1 < E[X]FE[1/X] provided the right hand side is well-defined
and this yields

1 1 1
Ee[IIYH%} = d2EN] -2 d+[el3/e7 —2
O]
From the previous result, we can now analyse the James-Stein estimator a]s =(1-o0%d—
2)/[IY2)Y. Let
9(y) = —o*(d - 2)/lylzy (6.4.6)

The function ¢ is everywhere differentiable except for the point y = (0,0, ...,0) and the partial
derivatives are given by

o) 20 1 2y
i(y) = ~o*@ =z = i)

fori =1,...,d. The divergence is thus V-g(y) = Zle 0:9:(y) = —o%(d—2)?/||y||3. Observe
that 55 =Y + ¢(Y). To apply Stein’s lemma, we need to check the moment conditions (6.4.1).
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risk general 10]|2 small | ||0]]2 — oo

=Y | d d d

r) d—2)?
65 d—m 2+16]5 | d

Table 61: Risk gain by James-Stein shrinkage for o = 1 and d > 2.

This is left as an exercise. Using Stein’s lemma,

=2 o=
Y YR

= o?d — o*(d — 2)2E9[ ! }

Ey[|10s - 03] = 0% + By | - 20

Y3
< o2d — ot(d —2)?
B o?(d—2)+0l13
< a?d A (207 +0]3), (6.4.7)

where for the last inequality we used that —(1 + x)~! < (z — 1) A 0, for z > 0, and

04(d—2)2 2
— =o%d — o*(d -2
a2 reg o

1
1+ 1013/ (0*(d - 2))

Since the MLE 6 = Y has risk Eg[Ha— 013 = E[Zle 02¢?] = o%d, we conclude that the
James-Stein estimator has smaller risk. This proves Theorem 7.

As a first remark, let us mention that the James-Stein estimator is not admissible either (cf.
for instance [23]).

By (6.4.7), the risk of the James-Stein estimator is bounded from above by o2d — o*(d —
2)%/(%(d — 2) + ||0]|3). In Table 61, we analyze the risk bound for different scenarios assuming
that the standard deviation of the noise o equals one. Obviously the risk of the maximum likelihood
estimator is always d and the James-Stein procedure has much smaller risk if the signal is small.
In the specific case that # = 0, the risk of the James-Stein estimator is 2 and does not depend on
the dimension d. For large signal, Stein shrinkage does improve the risk only by a small amount.

o?d < 20% + ||9]13.

6.5 * An example for sports data

Suppose we want to predict the number of goals of all soccer teams in a league given the number
of goals from the previous season. A good model is that the number of goals N; of team i in
one season follows a Poisson distribution with intensity A;, that is, V; ~ Poisson(};). Using the
variance stabilizing transform (cf. ???), we find that \/N; ~ v/\; + %ei with e; ~ N(0,1), i.i.d. If
M, is the number of goals in the next season, /M; ~ v/A; + 1/ with independent ; ~ A/(0,1).
Consequently, v/N; — +/M; ~ N(0,1/2). Treating M; now as fixed, we arrive at the model
VN; = /M; + 27Y2n;, with n; ~ N(0,1), i.i.d.
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To estimate /M; we compare the MLE with the James-Stein estimator. The data are the total
number of goals of all 17 teams playing premier league in the seasons 2016/17 and 2017/18. With
respect to the loss £(6,0') = >, (v/0; — /0)? the risk of the MLE is 10.02 and the risk of the
James-Stein estimator is 9.6783. For the loss £(0,0') = >, |0; — ¢;| the MLE has risk 160 and
the risk of the James-Stein estimator is 157.06. In both cases the James-Stein estimator is slightly
better.

The theoretical improvement of the James-Stein estimator over the MLE is o%(d —
2)2E[||Y||5?], see (6.4.7). We can estimate the size of the term by o*(d — 2)?||'Y|5 2. In the case
above this is 0.058 suggesting a minor improvement of the James-Stein estimator. The improve-
ment is small since the signal is quite large compared to the variance in the model. This is also
referred to as low signal-to-noise ratio (SNR). The James-Stein estimator outperforms the MLE
more significantly if only the total number of goals for the first few games in each season are used
for the prediction. If the Poisson counts are too small, the normal approximation will not work
well anymore and this might affect the performance of the estimator.

The James-Stein estimator has been applied to baseball data in [7, 21].

6.6 Exercises

Ex. 6.1 — For any real number ¢, consider the rescaled MLE @wLE :

(6.1.1). Show that

= tY in the sequence model

o’d . AMLE 2
L o+ 07 — Mremine Eo 1007 — 61l)
2

Ex. 6.2 — Suppose that X ~ A(0, 1) and f’(X) is absolutely continuous. If E[| f'(X)|] < oo
then also E[| X f(X)|] < co and E[| f(X)]] < oc.
Hint: Show first that E[| X f(X)|1(X > 0)] < oo using | f(z)| < [5 [/ (v)|dy.

Ex. 6.3 — Let X ~ N(0,1) and k be a positive integer. Using Stein’s lemma, prove that

ElxX* =]]@i-1.

Jj=1

Ex. 6.4 — Assume that X; ~ N (u;,1)7 = 1,...,d are independent and define S; = Zle X2
Consider the following two step procedure: First generate a random variable /N from a Poisson
distribution with intensity 3 Zle p?. Given N draw Vg ~ x3,, - Show that Sy and V have
the same distribution.

Ex. 65— If Y = (Y1,...,Yy)isasin (6.1.1) and d > 2, then,

BlIYIZ*(Y = 0)7Y| = (d - 2)B[|[Y]3?).
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Ex. 6.6 — Let&;,i=1,...,dbei.i.d. N(0,1) random variables. Show that for d > 2,

d ) 1 1
E[(Z§> } T d-2
=1
Hint: Use the equality in the previous exercise.

Ex. 6.7 — For the function g as defined in (6.4.6), check that the conditions of Lemma 9 are
satisfied.

Ex. 6.8 — For d > 2 and fixed ¢ > 0 consider the estimator

—~ 2 —
0, — (1 _ W)Y.

In particular, f; is the MLE and 6; is the James-Stein estimator. Show that E [H§1 - 0|3 <
E[||6, — 0))3] for all @ # 1 and all § € R%.

Ex. 6.9 — Use integration by parts to prove Mill’s ratio

1
X2

)1(X > 7'):| = @,

T

P(X=7)<E|(1+

with X ~ A(0,1) and ¢ the p.d.f. of X.

Ex. 6.10 — Show that if g : R — R satisfies the assumptions of Lemma 9 and (X, Y") follows a
bivariate normal distribution, then

Cov(g(X),Y) = Cov(X,Y)E[d (X)].






Chapter 7

High-dimensional models and
structural constraints

7.1 Introduction

Recall the definition of a high-dimensional statistical model in (1.2). One of the differences
between nonparametric and high-dimensional statistics is that for high-dimensional problems
we also take computational complexity into account. Before, we were interested in estimators,
which are optimal in some statistical sense, achieving for instance the minimax estimation rate.
In high-dimensional statistics, we ask for estimators which are both, statistically optimal and
computationally feasible. The algorithmic constraint is very important in order to account for the
typically large datasets. For high-dimensional estimation problems, we often define estimators as
minimizers of some functional. Whether an estimator is computational feasible depends then on
the algorithmic complexity to compute a minimizer. For this reason, we prefer estimator which
are minimizers of convex functionals.

Below, we introduce high-dimensional linear regression, which is the most important high-
dimensional model.

7.2 High-dimensional regression

The high-dimensional regression model has been introduced in Section 1.3. In this model, we
observe a vector Y = (Y1,...,Y,,) " and an x p design matrix X with

Y = X8 +e. (7.2.1)

Here, 3 is an unobserved p-dimensional coefficient vector. Moreover, I,, denotes the n X n identity
matrix and € ~ N (0, I,) is a centered random vector from a multivariate normal distribution
with covariance matrix I,,. The design matrix X is known and the goal is to estimate the unknown
coeflicient vector 3. This model is high-dimensional if p > n, since in this case we have more
parameters than observations.

Given the parameter vector 8 = (f3, . . ., Bp)T, we can define the support of 3 or active set
as the non-zero components Sg = {j : §; # 0} and the sparsity (index) of B as sg = |Sg| =

77
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the cardinality of Sg. Because the parameter changes with n, the active set and the sparsity are
also n dependent but again this dependence is omitted in the notation.

We say that a model is sparse if the number of non-zero parameters is of smaller order than
the number of observations which is equivalent to sg < n.

Sparsity constraints are not so different from smoothness assumptions on the regression func-
tion. Recall that smoothness corresponds to decay conditions on the (Fourier) series coeflicients.
In the sequence model, the structural constraint is therefore the decay of the coefficients. This
means that most series coefficients are very small which is closely related to imposing sparsity. A
difference is that in function estimation, we expect that the first series coefficients are the largest
ones and for sparse vectors there is no ordering of the non-zero coefficients.

7.3 Estimation in the sequence model under sparsity

As a toy model, we consider in a first step the sequence model with n observations, that is, we
observe Y = (Y1,...,Y,)" with

Yi=Bi+ei, & SN(O,1), i=1,...,n,

and f3; the unknown coeflicients. This version of the sequence model is a special case of model
(7.2.1) with p = n and X = [,,. Although this model is not truly high-dimenional, it is very
useful as a toy model in high-dimensional statistics.

In order to estimate the vector 3 = (1, ..., 3,) ", we apply the same strategy as for wavelet
thresholding estimator defined in (5.5.1): We keep large coefficients for which we are sure that
they contain signal and the remaining coefficients are estimated by zero. Consider the thresholding
estimator

B = Y31(|Ya| > /2logn).
For squared (2-loss £(3,8') = > 1_1(Bx — B1)* = 1B — B3,

Eg[|B — B3] <8(sg +1)logn, (7.3.1)

cf. Exercise 7.2. We observe that the rate of convergence also depends on s and becomes better
if the true signal is sparse. Thus sparsity helps. This is not surprising since we already know that
in function estimation smoother functions are easier to reconstruct and are more sparse because
of the faster decaying series coefficients. As we will see later, the rate (sg + 1) logn is optimal
over the parameter space of sg-sparse vectors.

The factor logn is the amount we have to pay in the estimation rate for not knowing the
support Sg. Indeed, if Sg would be known, we could simply estimate 3 by ,6 (61, cee Bn)
with ﬁk =Yi1(k € 5’5) and this estimator would have risk sg.

It is also interesting to compare the result with the risk bound obtained for the James-Stein
estimator in (6.4.7). Since d = n and ¢ = 1, the James-Stein estimator has risk smaller than

(n -2

- 2
(n—2 +”/6H2 — ( +HBH2)
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Figure 22: Heuristic for the LASSO. The dashed lines are the contour lines of the least squares
functional ||[Y — X 3||2. Because of the corners of the £!-ball, the LASSO solution sets many
coefficients to zero (left). The ¢2-ball does not induce sparsity (right).

This shows that the James-Stein estimator has comparable risk if ||3]|2 is not too big. In the
minimax sense the James-Stein estimator does however not perform well since we could have a
sparse signal with few extremely large non-zero coeflicients making the risk bound as large as n.

As conclusion of this section, we should remember that sparsity constraints improve estimators.
In the next section we study estimation in the high-dimensional regression model.

7.4 The LASSO

Recall the high-dimensional regression model
Y=XB+e¢.

In this model, the estimator for 3 cannot be expressed as explicit formula. Instead we will consider
an estimator that is the minimizer of a functional. To motivate this, consider the likelihood
p(y|B) = (2m) ™2 exp(—2|ly — X3|)3) and observe that the maximum likelihood estimator
for 3 is the least squares estimator that also can be written as

B € argmingepy ||Y — XB|3

This expression does not incorporate the sparsity assumption yet. Because of p > n, there is an
affine subspace of dimension p —n which perfectly fits the data in the sense that || Y — X 3|2 = 0.
There is a close connection between shrinkage and penalization. This suggests to replace the least
squares solution by a penalized version of the form

B e argmingegy | Y — X85 + Apen(B),

where pen((3) is a penalty or regularisation term that is large if 3 is not sparse. The positive
weight A > 0 measures how much influence the penalization term has. It is also known as
regularization parameter and plays a similar role as the bandwidth for kernel estimators. If A is
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large the penalization term gets more weight which leads to sparse reconstructions. The other
extreme is to set A = 0 in which case we recover the least squares problem. In practice, the
regularization parameter needs to be chosen very carefully as we will see later.

What could be a good penalty in our problem? One possibility would be to penalize the
number of non-zero entries and to consider the estimator

B € argmingp, [[Y — XB|3 + Asg.

This would clearly push the solution to be sparse. Unfortunately, this estimator is computationally
infeasible since minimization of the functional results in a non-convex optimization problem.
It turns out that the ¢*-penalty ||3||; = "_1 1B is sparsity inducing and leads to a convex
optimization problem if combined with the least-squares data misfit term.

The LASSO (Least Absolute Shrinkage and Selection Operator) is any estimator satisfying

BUASS0 ¢ argmingeg, [|Y — XB|3 + N8| (7.4.1)

The LASSO was proposed by Tibshirani in his 1996 article [27]. It can be computed very efficiently
even for large n and p. There is a simple heuristic why the LASSO induces sparsity. We can
rewrite (7.4.1) as

BUASS0 ¢ argmingeps . g, <r 1Y — X813 (7.4.2)

(cf. [1], Chapter 5.3). Here R is a constant depending on the regularization parameter A, the
design matrix X and the data. The minimization problem is displayed in Figure 22. The MLE
,@MLE minimizes the unconstrained least squares problem. The additional constraint ,@ e{B:
IB|li < R} forces the LASSO estimator to lie on the first intersection of a contour line with
the ¢!-ball. For many configurations, the minimizer will be in one of the corners of the ¢!-ball.
This means that at least one of the components of 3 is zero and shows why the LASSO induces
sparsity. An £?-penalty on the contrary would lead to projection on a £2-ball which has no corners
and therefore leads to non-sparse reconstructions.

Figure 22 is commonly used to illustrate that /!-penalization induces sparse solutions. But it is
a bit misleading. The argument suggests that if (Y7, Y2) # (0, 0), then also BLASSO # 0. It seems
thus that the LASSO prefers the corners by setting exactly one of the two components to zero but
that it cannot shrink to the sparse vector (0, 0). This is, however, wrong. Exercise 7.3 shows for
instance that for orthogonal design the LASSO does soft shrinkage. It sets all small component to
zero and thus shrinks many vectors to (0, 0). The explanation is that in (7.4.2), the value of R is
zero in these cases. The heuristic is also not strong enough to generalize to other problems. One
could for instance wonder what would happen if an £°°-penalty is used. The corresponding unit
ball has 2¢ corners.

In a next step, we analyze the LASSO estimator. For recovery of 3, we need a local invertibility
assumption on the design matrix X. It could indeed happen that X3 = 0. In this case, we cannot
distinguish whether the data were generated by the parameter 3 or the zero vector. The condition
below ensures that this does not happen. For an arbitrary index set S, write Bs = (3;)ies and
define || X || := (max;—1__,(X " X);:)"/2
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Theorem 8. Let

e RCIPvIE
6(5, 1) s=inf {2 S < 1Bl < LlBsl .

If A > 4| X||v/21og p, then as p — oo,

N . AN?
Pa(|X (B0 - )3 + MBSO = g, > ) .

[ X[2¢(5s,3)

The condition ¢(Sg, L) > 0 is also known as (Sg, L)-compatibility condition. Unfortunately,
given observation from the model, it cannot be checked whether the compatibility condition holds.
The condition should rather be viewed as another constraint on the support of 3, cf. Exercise 7.6
for an example.

If the (S, L)-compatibility condition holds and A = || X||y/log p, the convergence rate for
the squared prediction error | X (BIASSO — B)|13 is sg log p. This rate should be compared with
(7.3.1). Notice that if p is large, for instance if p = e", the log p-factor can become extremely big.
For the /!-error we have under compatibility and A < || X ||/Iog p,

sgy/logp

AQLASSO _ <
84550 - gl < 2o

with high probability.

The result suggests that a good choice for the regularization parameter is A = 4| X||v/2 log p.
In practice, this choice turns out to be too conservative making the reconstruction extremely sparse.
Instead the regularization parameter is selected by some data-driven method. A popular procedure
which is implemented in standard software is ten-fold cross-validation, cf. [10]. Another concept
is to study the LASSO estimator as a function in dependence of .

Proof of Theorem 8. Write 3 = BLASS0_ By the definition of the LASSO, we have ||[Y — X 3||2+
MBI < Y — X813 + A||B]|1 and so

1X(B — B)|12 + MBIl < 26" X (B — B) + A|B|:.

Define the event A = {max;—1__,[(X"e);| < | X||v2logp}. Observe that (X e); ~
N(0, (X X )i) and therefore with the union bound (see Section 14.1) and Mill’s ratio (cf. Exercise
6.9),

p

Pg(A°) < ZP5(|(XT6)¢\ > || X|v/2logp) = 0, asp— oo.

i=1

On A, we have thanks to A\ > 4|/ X||v/2 log p,

~ ~ A~
1X(B = B)II5+ MBI < 518 — Bl + AlBl:-
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Denote by S = Sg the true support. Triangle inequality gives, || B h = |l ,@5H1 + | 35c|]1 >

18sll1 — 18s — Bsll1 + [|Bse |1 Together with |8 — 8[| = ||Bs — Bsll1 + ||Bse — Bse||, and
ﬂSc =0,

-~ Aia 3N, 5
IX(8 = B3+ 518l < <1185 = Bsl,
on the event .A. In particular, we can deduce from the previous inequality that || B\Scﬂl < 3 Bs —

Bs||1 and by definition of the compatibility condition, ¢(5, 3)|| X |||B—8ll1 < [|X(8—8)]/2, /53.
Since ab < %a2 + %bz holds for all real numbers a, b, this shows

1X (B — B)2+/55

~ A~ N
IX(8-B8)5+ 518 =Bl < 2218 — Bl = 2A

1X1l¢(Sg, 3)
1 ~ S
< SIXB-B)3+ 23 s s
2 ? 1 X126(Sg,3)?
on the event A. Since Pg(.A°) — 0, the result follows. O

Even if convex relaxation still leads to the same minimax rates one typically has to pay a
price. To illustrate this consider again the special case of the sequence model (n = p and X
the n x n identity matrix). The minimizer 3 € argmingegy [|[Y — X Bl|3 + psg can then be
minimized for each component j3; € argming g (Y; — B;)* + p1(B; # 0) and this gives the
hard-thresholding estimator BZ = Y;1(]Y;| > /). On the contrary, by Exercise (7.3), the LASSO
with regularization parameter \ is given by B}ASSO = (Y; — Asign(Y;)/2)1(]Y;] > A/2). To
account for sparsity Y; has to be put to zero whenever |Y;| is below /2 Iog n. This implies that /7
and \/2 have to be chosen at least as > \/2log n and /it = A\/2 = \/2Iog n is the optimal choice
to avoid thresholding of large coefficients. This shows that the size of the regularization parameter
needs to be adapted under convex relaxation. Suppose that for given sg the true regression vector
is 8; = v/8lognl(i < sg) fori = 1,...,n. This means that 3 = (/3;); is so-sparse. One can
show (cf. Exercise ??? [to do ?77]) that for the hard-thresholding estimator with regularization
parameter /i = +/2logn, HB — B||3 < so. For the LASSO with \/2 = y/2log n, we have the
lower bound || BLASSO _ Bl|2 = s log n. This shows that for this parameter the LASSO performs
worse by (at least) a log n factor. Although this does not affect the minimax estimation rate, it
shows that on large parts of the parameter space different rates can be obtained.

The LASSO for nonparametric regression

Recall the nonparametric regression model with uniform fixed design, that is, we observe Y =
(Yiny ..., Yon) T with

Yin = f<%) +ein, t=1,...,n, g, ~N(0,1), independent.

If the regression function is piecewise constant f(t) = > ;_, fz1(t < k/n), the problem can
be rewritten as a linear model with p = n and sparse regression vector 8 = (f1, .. ., Bp)T. For
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Figure 23: Nonparametric regression with piecewise constant regression function interpreted as
high-dimensional linear model. Data (gray), true regression function (red), LASSO reconstruc-
tions with regularization parameter chosen by 10-fold cross validation (blue) and regularization
parameter A = 0.25 (orange). The LASSO adds spurious jumps to the reconstruction around the
location of the true jump. Large regularization parameters reduce this effect but add bias.

details see Exercise 7.6. The estimated sparsity corresponds then to the number of linear pieces
of the reconstruction and the ¢;-penalty is the total variation. The LASSO does therefore total
variation penalization in this case. Figure 23 shows that the LASSO reconstruction builds in
additional jumps around the true jump and therefore overshoots the true model dimension. To
decrease the model dimension, we can choose a larger regularization parameter. In that case, the
shrinkage of the LASSO will correspond to a bias in the reconstruction of the heights of the linear
pieces; see the plot on the right in Figure 23.

We can now wonder why the spurious jumps of the LASSO reconstruction mainly occur
around the true jump locations. The reason for this phenomenon comes from the columns in
the design matrix. Denote the p columns of the design matrix X by X, ..., X,. Suppose that
for some K and some coefficients v;, 7 = 1,..., K, X, = Zfil ~iX; and Zfil |vi| < 1.If
Bp # 0, the LASSO functional decreases if instead of the p-th variable with regression coefficient
Bp, the variables 1, ..., K are selected with regression coefficients 3,7;. This can be checked
by looking at the data misfit term ||Y — X 3||2 and the LASSO penalty \|| 3|1 separately. This
should be contrasted with the behavior of the complexity penalty which always increases if a
larger model larger is selected.

To overcome this issue, one possibility is to reparametrize the model. For any p X p diagonal
matrix D, Y = X3+ ¢ = X'3 + e with X’ = XD and 3 = D~!3. By choosing a suitable
D, we can therefore assume that all column vectors of the design matrix have the same Euclidean
norm. The argument above does then not work anymore. This reparametrization does not really
help to remove the artificially created jumps by the LASSO. In this case, additional variables
around the true jump will increase the £'-penalty a little and on the same time decrease the data
misfit term by a much larger amount.

To conclude, straightforward application of the LASSO does not perform well for this problem.
As the LASSO can be quickly computed and produces models that are too large but contain the
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T 1
0 1

Figure 24: Nonparametric regression using the LASSO. Data (gray), true regression function
(red), LASSO reconstructions with regularization parameter chosen by 10-fold cross validation
(blue), hard thresholding estimator using Haar wavelets and universal threshold (orange).

true model, it still can be used as an initial estimator, that is then further appended by a more
careful selection of a submodel and a de-biasing step for the estimated jump heights.

Whereas £y-penalization is in general computationally infeasible, for this specific model, there
is an algorithm computing the £y-solution in polynomial time (more here 7??).

It is also possible to use the LASSO for nonparametric regression if the regression function
is not piecewise constant; cf. Figure 24 for an example. Since the LASSO leads to a piecewise
constant reconstruction it is natural to contrast it with the reconstruction using Haar wavelets and
hard thresholding with universal threshold. In this case the LASSO reconstruction seems to be
better.

7.5 Sparse Gaussian graphical models

A natural question is whether #!-penalization works in general if the parameter exhibits some
form of sparsity. In this section, we study graphical models under sparsity constraints and show
how /!-penalization can be used.

Suppose we observe n i.i.d. copies Xy, ..., X, of a multivariate normal random vector X =
(X1,... ,Xp)T ~ N(0, %) with X an invertible p x p covariance matrix. The inverse 2 = ¥ !
is called the precision matrix or concentration matrix. A classical property of the multivariate
normal distribution is that ; ; = 0 if and only if X; and X are independent. The precision
matrix decodes the conditional dependence structure. For convenience, set [p] := {1,...,p}.

Lemma 11. Let i, j € [p], i # j. Given (Xg)pepp)\{i,;}, the variables X;, X are independent if
and only if €; ; = 0.

Proof. We prove the following more general statement. If X = (X 4, X 4¢) " for some subset
A C [pl,and Qap = (ij)ica,jep then,

XalXae ~ N (= Q340440 X ac, 1Y) (7.5.1)
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Figure 25: Precision matrix {2 and corresponding graphical model.

With the formula for the multivariate Gaussian likelihood

s des Caben) = 5

1
X exp ( — ixTQx)
1
X exp < — §XZQAAXA — XlQAAcXAc)

X exp ( — %(XA — ,u)TQAA(xA — u))

with p = —Q;hQ AAcXAc. This shows (7.5.1). The assertion of the lemma follows since for
A= {i,j},

1 Qj; iy

Qi85 — Qi3 Qi Qs
0

The graphical model or conditional independence graph associated to the N (0, X) distribu-
tion is the graph with p nodes and an edge between node ¢ and node j if X; and X; are dependent
given (X%) kelp)\{i,j}- Besides the pairwise conditional (in)dependence relations, the graph de-
codes many other statements. An example of a precision matrix and the corresponding conditional
independence graph is displayed in Figure 25.

The statistical challenge is to estimate the precision matrix and to reconstruct the graphical
model. We are interested in the situation where p is potentially large and the conditional inde-
pendence graph is sparse. Denote by || the determinant of Q. The likelihood for the sample
Xl, N Xn is

n n 1/2
P X) = [[pa(X) = [] o e (- LxT0x,).
=1 3

1=
Observe that X; OX; = tr(QX,;X]). With & := n~ 23" X;X;, we have for the log-
likelihood

logpa(Xy,...,Xy)
n

1 1 a
= const. + 5 log |©] — 5t Q).
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The MLE for €2 is thus the minimizer
OQMLE ¢ argming, o — log [Q] + tr (Qi),

where €2 > 0 means that we minimize over the cone of positive semi-definite matrices. To

incorporate sparsity, the natural penalty is the elementwise £'-norm of the off-diagonal entries

[€2f]1 == >_;~; €2 |- The constrained estimator is therefore the minimizer of the following

convex optimization problem

Qe argming, o — log |Q| 4 tr (Qf) + A1

This estimator is also called the GLasso or graphical LASSO estimator. The analysis of this
estimator is somehow similar to the LASSO. In particular, it requires an analog of the compatibility
condition. For precise results, we refer to [18]. There are also other estimators which are easier to
analyze theoretically, cf. [6, 19].

7.6 Matrix completion

In the matrix completion model with measurement errors, we observe few, noisy entries of a
matrix and want to recover the full matrix under a low-rank constraint.

As before, define [p] := {1,...,p} and [q] := {1,...,q}. Let A = (asx)rep),he[q PEADP X q
matrix with real valued entries. Suppose, we observe n independent variables (Y;, L;, K;), where
the indices L; and K; are independently drawn uniformly at random from [p] and [g], respectively
and

Yi=ar, Kk, + &,

with ; ~ N (0, 1) independent of (L;, K;). In the matrix completion model, we thus see n entries
which are perturbed by measurement noise. The MLE in this model is the minimizer of
. n
A € argming—(a, ),y regy Z(YZ —aL )
i=1
As long as not all entries are observed, the MLE is not uniquely defined.

From an applied point, it is natural to assume that the true matrix has low rank. This assumption
is slightly different to the entrywise sparsity considered before. Nevertheless, a similar approach
can be followed. A first attempt would be to penalize the rank of the matrix. If o; denotes the
j-th singular value of A, the rank can also be written as #{j : 0;(A) # 0}. Penalization of
the rank is therefore the same as ¢°-penalization of the singular values. Earlier, we argued that
(Y-penalization of the coefficient vector in high-dimensional regression does not lead to a convex
optimization problem. The same argument applies here for /°-penalization of the singular value.
A convex relaxation that is still sparsity inducing is to take the £'-norm of the singular values and
to consider

PAg

n
Ac argminA:(al,k)le[p],ke[q] Z(YZ o aLi7Ki)2 tA Z aj(A).
i—1 J=1

Theory for this estimator has been developed in [20].
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7.7 Exercises

Ex. 7.1 — Suppose we observe Y ~ N(6,1) with parameter space © = R. Let ¢(z) =
(27)~1/2¢=7*/2 be the density of a standard normal random variable. Prove that the risk of
the hard thresholding estimator #, = Y'1(|Y| > 7) with positive threshold value 7 satisfies

(a) Eg[(6; — 0)2] < 2(r% + 1),
(b) and for 8 = 0,

Ey [92] =27¢(T) + 2/ o(x)dx < 2(7‘ + %)(]5(7')
Hint: For (b) use Stein’s lemma and Exercise 6.9.

Ex. 7.2 — Using the previous exercise, prove (7.3.1) for n > 1. Compare the risk bound to the
risk of the estimators () = 0 and 3@ = Y™.

Ex. 7.3 — If n = pand X is a n x n orthogonal matrix, the LASSO does soft-thresholding of
XTY. Show thatfori = 1,...,n,

BEASSO = ((XTY )i = Asign((XTV)i)/2)1(|(XTY)i| = A/2).

Ex. 7.4 — Consider the LASSO estimator with penalty A > 2max;—1 ., |X zT Y|, where X;
denotes the i-th column of the design matrix X. Show that the LASSO functional has the unique
solution

BLASSO _

Ex. 7.5 — Show that if A > 4| X ||v/2ZIog p, then

Po([|X (B4 — B)|[2 > SAI8IL) 0.

Hint: Argue as in the proof of Theorem 8.

Ex. 7.6 — Consider the space of piecewise constant functions fg(t) = > ;_; Bx1(t < k/n).
Recall the nonparametric regression model, where we observe Y = (Y1, ..., Yn,) with

Yin = fg(%) +ein, t=1,...,n, g, ~N(0,1), independent.

(a) Show that this model can be rewritten as high-dimensional regression model Y = X3 + ¢
with X = (1(i < 7))ij=1,....n-
(b) Show that X "X = (i A 5)ij=1.. .n-

(c) Fix a sparse vector 3 and denote by s = sg the sparsity and by i1 < ia < ... < i4 the
ordered indices in Sg. Show that

BTXTXB=i1(Biy 4. +Bi) 4 (a—i1) Bis + - +Bi) + o+ (s —is1)B2
=0l fallZ20.)-
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(d) Now, we study the compatibility number ¢(.Sg, L). Suppose that there is a positive constant
C, such that |i; — ;1| < Cn/sgforall ¢ = 1,...,s with iy := 0. Show that for any

L > 0, (Z)(S@,L)2 < C/S@.

Ex.7.7 — Let (W;);>0 be a Brownian motion and consider the Gaussian vector X =
(Wy,...,W,). Show that the precision matrix is tridiagonal, that is, all non-zero entries are
on the main diagonal and first off-diagonal. Hint: Write W; = (Wj1 + W;_1)/2 4+ 27 /?n;
with 7); being independent of (W71,..., W;_1, Wjt1,..., Wy).



Chapter 8

Neural networks and deep learning

8.1 Machine learning and statistics

The main focus in machine learning is on methods for prediction and classification given a large
number of covariates. Beyond that it is difficult to give a precise characterization of the difference
between machine learning and statistics. The difference is often explained via examples. A standard
machine learning example is the classification of an email as ”spam” or ’not spam”. The dataset
contains say n emails and for each email the corresponding label ”spam” or ”not spam”. The
statistical challenge is to estimate (in machine learning wording: to learn) a spam filter. The
optimal spam filter is a function that takes as input an email and outputs the correct label.

To convert the problem into a statistical model, a first approach is to represent the i-th email
in the dataset as a list of words X;. If Y; denotes the corresponding label, the dataset consists then
of pairs (X;,Y;), 7 = 1,...,n. Written in this form, the covariates are the words. Words such as
”we, today, ...” have none or very little influence on a message being spam or not. On the other
hand there are words such as casino, winner, ...” that often occur in spam messages. This means
that we have a high-dimensional design vector of covariates but only a small subset is relevant.

Another distinctive property of a machine learning task is prediction. The spam filter will see
a new email and has to predict whether this is spam. Viewed as a statistical problem, this means
that the loss function should be the prediction loss. We will discuss this in more detail below. As
for the spam example, machine learning applications have often difficult data structures such as
text data.

To analyze machine learning methods, the non-parametric regression model is often taken
as a benchmark. Recall that in this model, we observe n i.i.d. pairs (X;, Y;) with d-dimensional
design vectors X;, real valued response variables Y; and

Y = f(X;) +7ei, e~N(0,1), i=1,...,n (8.1.1)

The regression function f : R? — R is unknown. To account for small noise level in machine
learning applications we introduced the noise level 7 > 0 and moreover allow for 7 to decrease to
zero with the sample size n.

In Theorem 2, we derived the rate of convergence of the kernel smoothing estimator for d = 1.
Now, we are interested in the multivariate case with d potentially large.

&9
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The prediction problem is that we observe a new X with the same distribution as Xy, ..., X,
and want to predict the corresponding output Y. If f is the estimator of f based on the data
(X;,Y;),i=1,...,n, the predicted value is Y := f(X) and

E[(Y =Y)*] = o + E[(f(X) - [(X))?],

where the expectation should be taken with respect to (X,Y)and (X;,Y;),7=1,...,n. This
means that an estimator f should be evaluated under the prediction risk

~

R(f.f) = B[(f(X) - f(X))?].

8.2 Shallow neural networks

Neural networks are functions of a specific type. We first describe the function class and derive
the approximation theory. Fitting neural networks to data is discussed later.

In this section we start with a specific form of neural networks, so called shallow neural
networks. In a first step we need to choose a function o : R — R. This function is called the
activation function. There are a few activation functions that are widely used in practice. In
the early literature, the sign function o(x) = sign(x) has been studied. This function has good
approximation theoretic properties. Similar as £°-penalization it leads, however, to computationally
infeasible problems.

In the eighties/nineties, smoother activation functions have been used that imitate the sign
function. The class of sigmoidal activation functions consists of all functions o that are continuous,
strictly increasing and satisfy lim,_, o o(2) = 0 and lim,_, 4 o, o(x) = 1. Within this class, the
standard example is the logistic activation function o(z) = 1/(1 + e™7).

Recently, the so called ReLU activation function o(x) = max(z,0) became popular.

A shallow neural network with one output is a function f : R¢ — R of the form

m
fx)=) co(ajx+b;), a;€RY bjc; R (8.2.1)
j=1

A shallow neural network depends on the number of terms in the sum m which is also called
the number of hidden units. It moreover depends on the so called weight vectors a; € R?, the
shifts/biases b;, and the coefficients c;.

The activation function and the number of hidden units m will be fixed and a;, b, ¢; are
considered as free parameters that will be estimated from the data. It is therefore natural to
study the neural network function class of all functions that can be generated by varying the free
parameters,

Fng = {f =Y cjo(a] - +b) s a; € R by ¢ € R}. (8.2.2)
=1

For non-linear activation functions the function class ., , is non-convex, see Exercise 8.1.
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The MLE is the best least-squares fit to the data, that is,

n
feargmingz Y (Vi - f(X))”. (8.2.3)
i=1

The minimization problem does not have an explicit solution. Since F;,  is non-convex the argmin
is computationally intractable. Gradient descent algorithms are popular in practice that aim to
decrease the objective functional Y " | (Y; — f(X;))?. The expression £ Y7 | (Y; — f (Xz))2
is called the empirical risk since it is an estimator for the risk R(jA’, f)=E[(f(X) - f(X))Q]
The estimator fis therefore also called the empirical risk minimizer.

If also the parameters a;, b;, are fixed, the only parameters that need to be estimated from
the data are the weights c;. The least-squares estimator has then an explicit form. The problem
is indeed very similar to series estimation as discussed in Section 5.2. [make Exercise ???] The
main difference is that the basis functions for shallow networks are not necessarily orthogonal.

By varying a;, b; as well, the least-squares fit contains also a data driven search for good
basis functions x — o (aij + bj). Here, good means that a linear combination of these functions
resembles f. Series estimation with data-driven (subset) selection of the basis function is often
referred to as dictionary learning.

8.3 The universal approximation theorem

How large is the function space F,, ,? Differently speaking, how well can we approximate
functions of a specific smoothness or the function f(x1,z2) = z12z2 with functions in F,, ?
Functions in the class F,,, , have m(d + 2) real parameters since a; are d-dimensional vectors.
Moreover, the function classes are obviously nested in the sense that F,,, , C F,,/ , whenever
m' > m.
In this section, we study whether for large m, any continuous function on [0, 1}d can be
eventually approximated up to a small sup-norm error.

Definition 12 (Universal approximation property). Shallow networks with activation function o
have the universal approximation property if for any € > 0 and any continuous function f on
[0, 1]%, there exists an integer m = m(f, ), such that

nf 1 —all o <e.
gGI;__lm’ng 9llLo(oyey S €

For d = 1, the universal approximation property can be established for the ReLU and sigmoidal
activation functions. For d > 1, this is much more difficult. It is for instance not clear whether a
shallow network can approximate the multiplication of two numbers f(x,z2) = x122.

It is not very difficult to show that any f € L?([0, 1]%) can be approximated up to L>-error &
by a shallow network with activation function o = cos(-).

Lemma 12. Let f € L%([0,1]%). Then, there exist w; € R and ¢; € R, j > 1, such that

o

f(x) = ZEJ COS(VT/JTX)

J=1
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and convergence of the sum is in L?.

Proof. For univariate functions hq, ..., hg, we write ®i:1 hy, for the function (z1,...,xq) —
15, hr(xx). I {¢; : j > 0} is an ONB for L2[0, 1], then, {®%_, hj, : j1,--.,ja > 0} is an
ONB for L%([0, 1]9).

By Lemma 16 (ii), any function f € L?[0, 1]¢ can therefore be expanded in the tensorized
cosine basis and f(z1,...,%a) = Y ¢, i)end Qir...ig H;lzl cos(ijmx;). Recall the addition
theorem cos(u) cos(v) = 1 (cos(u + v) + cos(u — v)). Using this together with the fact that any
function f € L?[0,1]% can be expanded in the tensorized cosine basis, we obtain f(z1,...,24) =
D in,nsig)ENd Qir.ig H;l:l cos(ijmz;) = >, ¢ cos(vA(f;rx) for suitable w; € R% and ¢; € R.

O

There are many different proofs for the universal approximation theorem for shallow networks.
One can argue via the Hahn-Banach theorem, the Radon transform, radial basis functions and the
Fourier transform. The latter can be explained as follows.

Denote by F the Fourier transform, that is, 7 f(§) = [ ¢~i€"x f(x) dx. The inverse Fourier
transform F ! for a d-variate function is then =1 f(¢) = (27) % [ eix'Ef (&) d€. In particular,
we have for f € L?, that f = F~LFFf.

For any function f € L?(R?), and any function ¢ € L'(R), with Fp(1) # 1,

f(xl,...,xd):( L

o NI 71\ T —iv
2m)1F (1) /R (& x+0) Ff(§)e™ dude.

The result follows from
/ ¢(€TX + v)e_“’ dv = ]:(;S(l)eigx
R

and Fourier inversion.

By discretization of the integral we obtain an approximate representation of f as shallow
network with activation function ¢. Most activation functions are, however, not in L'(R). Instead
we use that for sigmoidal activation functions o — o (- + A) is typically in L' for any A > 0. For
the ReLU, o(x) — 20(x — 1) + o(x — 2) isin L.

We state the next result without proof.

Theorem 9. If the activation function o is infinitely differentiable on an open neighborhood of
a point, then the universal approximation property for shallow networks with activation function
o holds.

8.4 Statistical analysis

We now provide some intuition for the empirical risk minimizer (8.2.3). Assume that the data are
generated from the nonparametric regression model (8.1.1). For any f* € F,, ,, we have that

n

Z(YE — f(Xq))? < Z(Yz‘ — fH(Xi)%

i=1
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output n 2

hidden layers

input 17 T9 T3 Ty

Figure 26: Representation as a direct graph of a network with two hidden layers L = 2 and width
vector p = (4, 3,3,2).

~

Define the norm |g||,, := (2 Y27, g(X;)?)'/2. Rewriting Y; — F(Xo) = 7ei + f(X4) — f(X)

and Y; — f*(X;) = 1e; + J? (X;) — f*(X;), the previous inequality leads to
1= FI2 <057 = £+ 203 ea(Fx) - £(%).

=1

[Explained in the lecture. Not yet in lecture notes] If the activation function is Lipschitz, we find
that for some constant C

mdlogn

|f =71 < cllse = £l + €= ==,

with high probability. The first part can be viewed as the bias and the second as the stochastic
error. It requires some extra effort to show that there exists a constant C”, such that

~ mdlogn
R(f, 1) <CIf" = flla+ C'——=
with high probability. Results of this type are also called oracle inequalities.

To bound the first term, the universal approximation property is not enough. Instead we need
bounds on the approximation error in dependence on properties of the regression function f, such
as smoothness.

8.5 Deep neural networks

After having discussed shallow networks, we will now continue with deep networks or multilayer
neural networks.

Fitting a multilayer neural network requires again the choice of an activation function o :
R — R and a network architecture. For v = (v1,...,v,) € R", define the shifted activation
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function o : R”™ — R" as

Y1 o(yr — v1)

Ov =
Yr O'(yr - UT)

The network architecture (L, p) consists of a positive integer L called the number of hidden
layers or depth and a width vector p = (po, . .., pr+1) € N**2. A neural network with network
architecture (L, p) is then any function of the form

f:RPO —» RPLHL D x i f(x) = Wroy, Wroy,_, - Wioy, Wox, (8.5.1)

where W, is a p; 11 X p; weight matrix and v; € RP? is a shift vector. Network functions are
therefore build by alternating matrix-vector multiplications with the action of the non-linear
activation function o. In (8.5), it is also possible to omit the shift vectors by considering the input
(x, 1) and enlarging the weight matrices by one row and one column with appropriate entries. To
fit networks to data generated from the d-variate nonparametric regression model we must have
po=dandpr1 = 1.

In computer science, neural networks are more commonly introduced via their representation
as directed acyclic graph, cf. Figure 26. Using this equivalent definition, the nodes in the graph
(also called units) are arranged in layers. The input layer is the first layer and the output layer
the last layer. The layers that lie in between are called hidden layers. The number of hidden
layers corresponds to L and the number of units in each layer generates the width vector p. Each
node/unit in the graph representation stands for a scalar product of the incoming signal with a
weight vector which is then shifted and applied to the activation function.

A shallow network with one output as defined in (8.2.1) is a special case of with L = 1,
p=(1,m,1),a the i-th column of W7, b; the i-th entry of v1 and ¢; the i-th entry of W' .

8.6 Exercises

Ex. 8.1 — A function class F is called convex if for any f,¢g € F andany A € [0,1], \f 4+ (1 —
A)g € F. Show that for the ReLU activation function, (8.2.2) is not convex.

Ex. 8.2 — For o(xz) = max(x,0) and d = 1, prove the universal approximation property.



Chapter 9

Lower bounds

It is natural to wonder about the optimality of the derived methods. For nonparametric methods,
we have seen that different methods achieve the convergence rate n~28/(2B+1) for squared loss. Is
there a statistical procedure that does converge with a faster rate? We discuss a general strategy in
this chapter to derive lower bounds for the estimation rate.

9.1 Superefficiency and minimax risk

One has to be a bit careful, what exactly one means with a lower bound on the rate of convergence
since there are always estimators that are ’supereflicient’ for some values in the parameter space.
A classical example due to Hodge illustrates this. Consider the parametric model, where we
observe Y; ~ N'(p,1),i.i.d.i = 1,...,n. As an estimator for u, we take i = Y =n~ 1> ¥; ~
N (p, 1/n) which has mean squared error E,,[(7i — w)?] = 1/n. It is somehow obvious that 1/n
should be the best rate for any estimator. For each p* we can, however, ”improve” the rate for
1 = " using the estimator

* if ?_ *| < —-1/4
_ {u,w Wil < nt, oL

Y, if |V —p*>nl4
This estimator is a version of hard thresholding, returning ;* whenever Y is in a n~ /4
neighborhood of 1*. From the construction, it is not surprising that jz has a faster rate of con-
vergence in p*. Using Exercise 9.1 (a), we obtain for the risk at y = p*, E,«[(i — p*)?] <
n~=3/4e~vV7"/2_ The risk at p* decays thus exponentially fast in n. On the contrary, for fixed
p# p Eyl(f— p)? = 2+ o(n!) asn — oo, cf. Exercise 9.1 (b). Therefore, the rate of
convergence for all ;o # p* is still n~'. Hodges’ estimator is only superefficient for 1 = u*.
But with a more refined construction, estimators can be obtained which are superefficient for
many parameter values. In parametric problems, the set of superefficient parameters has Lebesgue
measure zero. In nonparametric models, the situation is worse since estimators exist that are
superefficient for every fixed parameter, cf. [3].
This suggests that the rate of convergence can be improved for nonparametric estimators, but
a close inspection shows that superefficient estimators are not better. The gain of the convergence

95



96 CHAPTER 9. LOWER BOUNDS

rate in one parameter value comes at the expense of a deterioration of the rate in a shrinking
neighborhood around this parameter. Studying the rate of convergence for fixed § € © only,
makes us blind to this effect since for large sample size each fixed parameter will eventually be
outside of the shrinking neighborhood of any superefficient point and then the rate is unaffected
by the superefficiency. If a parameter is very close to a superefficient parameter value, it takes
however larger sample sizes until this happens. For such parameters the corresponding risk is
large, until at some point the rate of convergence kicks in. Another way to formulate the effect of
superefficiency is therefore that it improves the rate of convergence but it also causes existence of
parameter values for which the risk decays with the correct rate only for arbitrary large sample
size.

One way around superefficiency is to study the worst case risk, that is, the risk uniformly over
the parameter space

sup R(6,0) = sup Ey[((8, 0)].
0cO 0cO

By introducing the supremum over the parameter space, we rule out that asymptotics might kick in
for some parameter values arbitrarily late. Obviously, for the estimator ;i = Y, the worst case risk
is sup,, E,[(i — p)?] = 1/n. But Hodges’ estimator has a slower rate of convergence. Indeed,

sup B[(7i — )% = E e poryal(fi— @ =042
o

1 — N _
> TPy (V= ] < 071
1
= %[Q(O) — o(—2n"/")]
= L—i—o(l), asn — o0o.

2vn

The worst case risk of Hodges’ estimator is thus at least of the order n
much slower to zero than the rate n~! obtained for the estimator /i = Y.

To avoid superefficiency phenomena, it is standard in nonparametric statistics to derive risk
bounds uniformly over the parameter space. In particular, the upper bounds derived so far, are all
worst case risk bounds, the only exception being the exact MSE in Section ??.

The worst case risk does not only have advantages and might be misleading in some situations.
It only says that somewhere on the parameter space a certain rate is attained. But it might indeed
also be true that large subsets of parameter values are easier to estimate. This information is lost
if the worst case risk is considered.

~1/2 and therefore converges

Definition 13. Given a loss function ¢, the best worst case risk or minimax risk is defined as

inf sup R(6,6) = inf sup Fy €(6,6)],
0 0O 0 0O

where the infimum is taken over all estimators of 0.
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(put the definition earlier???) The name minimax comes from the inf sup in the definition. It
also emphasizes the close connection to game theory. We might interpret the minimax risk as
a two persons game, with payment Ey[¢ (@\, 6)]. The opponent picks a 6 in the parameter space
that maximizes the payment. The best strategy for the statistician is then to find the estimator
minimizing supy Ey[¢(0, 0)].

The exact minimax risk is extremely difficult to compute. Explicit expressions have been found
only for very few estimation problems. Instead we study the rate for models with sample size n
growing to infinity. Then, for each n, we define the minimax risk as R}, = infj supyee R(6,,0)
and the minimax rate of convergence as any sequence (1, ), such that

R} = y,.

To establisll the minimax rate, we first construct an estimator gn and derive its worst case risk
supgce R (0, 0). If this risk can be bounded from above by C,, for a constant C' that does not
depend on n, then also

R S by,
It remains to show that there is also a lower bound
Ry, 2 n.

In particular, if 1, =< ¥, then, 1, < R} is the minimax rate. Since Markov’s inequality
P(X >¢) < E[X]/e gives

Py(6(Bn,0) > t60) < W

it is therefore enough to prove for the lower bound that there is a constant ¢ > 0, such that

inf sup Py (£(8,,0) > ) > ¢ > 0. 9.1.2)
0 6€O

Here and in the following, we assume that the loss is such that {¢ (gn, 0) > 1, } are measurable
events.
In this chapter, we discuss general strategies how to establish an inequality of type (9.1.2).

9.2 The minimax error function

For probability measures P, ..., Py all defined on the same probability space (£2,.4), define
the minimax error function as

T(Py,...,Py):= inf P;(AS 2.1
(Pry-os Pur) AjG./lé\I}iisjoint j:r?,%.},{M i (A7), ©.2.1)
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where the infimum is taken over all disjoint sets Ay, ..., Ayr, thatis, A; N A, = & whenever
j # k. Obviously, the infimum will be attained on an .4-measurable partition of {2. Recall the
definition of the total variation distance (Definition 1). For M = 2,

T(P.Q) = if max(P(4%, Q(4) 2 infmass (74 i Q) P(A) : Ay vu;, Q)
1—
> M (9.2.2)
2
This inequality is often quite sharp. In Exercise 9.2 a condition on P and () is given that ensures

equality.

9.3 * Connection to cake division problems

Suppose we want to divide a divisible good among M persons. To be more concrete we think
of this good as a cake. To be consistent with the previous notation we denote the cake by X'. All
possible pieces that we can cut out from the cake are supposed to form a o-algebra A on X. As a
utility function, we associate to the i-th person a probability measure P; that quantifies how much
person i likes any specific piece A € A. To get the full cake will therefore have utility one and to
obtain nothing from the cake has utility zero. A larger piece of the cake will moreover result in
higher utility. The fact that every person has its own utility function allows to model individual
preferences. One person might not like the cherries on the cake and would therefore give more
utility to a piece with more chocolate.

Define the partitions of X' in M disjoint sets by P = {(A1,..., An) : UjA; = X, A;NA; =
@ for all i # j}. In cake division problems we ask how we need to split the cake such that it is
in some sense fair. The answer depends heavily on the meaning of the word fair. The utilitarian
approach is to maximize the total utility. This means that we search for the partition (A1, ..., Axr)
that maximizes ) i P (A;). This can be, however, very unfair in the sense that some persons
might get very little or, if M > 2, even nothing. An alternative is to maximize the smallest utility,
that is,

sup minPj(Aj):1—T(P1,...,PM),
(Ar,.., Ap)EP Y

where the equality follows directly from the definition of 7'( P, . .., Pys) in (9.2.1). This provides

us with another interpretation of the quantity T'( Py, . .., Pys). We will derive several bounds for
T(Pi,...,Py) which together with the identity can be used to derive bounds on the smallest
utility.

The standard procedure for two agents is that person one splits the cake in two halves A and
A¢ with Py(A) = P1(A€) = 1/2. The second person then picks piece A if Py(A) > P5(A¢) and
otherwise A°. In the smallest utility sense, this method is suboptimal since person one always
gets 1/2 of the cake. Under the assumption of Example 9.2, both agents could obtain utility

(1+V(P,Q))/2.
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D&

Figure 27: Lower bound argument

9.4 Reduction of lower bounds to information theoretic properties

A pseudo-distance on @ isamap d : © x © — [0, 00) such that d(6,6") > 0, d(0,0") = d(¢', )
and d(60,6") < d(6,0") + d(0",¢) for all 6,6", 6" € ©. This notion is slightly weaker than a
distance since it does not require that d(6, §’) = 0 implies 0 = ¢'.

Theorem 10. Suppose there are parameters 6y, 01, . ..,0y € O, such that £(0;,0x) > 21, for
any non-equal pair j, k € {0,1,..., M}, j # k. Further, assume that the loss function { is a
pseudo-distance. Then,
inf sup Py (£(8,0) > ¢) > T(Py,,- ., Pa,)-
0 0co

Proof. By definition of a statistical experiment, all probability measures are defined on the same
probability space (X, .A). For any estimator ¢, we can study the measurable function X — ©,
w > 0. The sets Aj = {w : £(,0;) < ¢, } are measurable and disjoint since £(6;,6;) > 2,
and / is a semi-metric, cf. Figure 27. The result thus follows from

inf sup Py (€(0,0) > 1b,) > inf max_ Py (£(8,60;) > iy,
5968 9(( )_T/’)_ Ay 0](( J)_Q/))

and the definition of T'(Py,, ..., Py,,) in (9.2.1). O

One should think of ¢; as all possible local perturbations of 6 in directions that affect the loss
function. If we estimate a functional such as a function f at a fixed point z, we can only perturb it
in finitely many directions such that the loss changes. In the case of pointwise estimation, we can
put 6y = fo(x) and 01 = fo(x) + 24, In this case the following simplified lower bound is often
sufficient.

Corollary 1. Suppose that the loss function { is a pseudo-distance. If there are parameters
0y, 01 € © with 6(90, 01) > 2y, then

5 1=V (Py,, P 1 K(Py,, P,
infsupPQ(K(H,O) > ¢n) > ( 6o 01) >Z_ M
9 0€0 2 2 8
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Proof. The first inequality follows immediately from Theorem 10 and (9.2.2). The second in-
equality in the assertion is a consequence of Pinsker’s inequality (2.6.1). O

In most cases, the second lower bound > 1 — /K (Py,, Ps,)/8 is typically easier to com-
pute and from a practical point of view therefore more useful. Relating the statement of the
corollary to constraint optimization, gives the following simple strategy to derive a lower bound.
Take parameters 0y, 01 € © which are far apart with respect to the loss function, but such that
K (Py,, Pp,) < 1. The best choice is then given by the modulus of continuity

w(©,0) = sup {L(0o,61): K(Py,, Ps,) <1}. (9.4.1)
00,01€0

Under the assumptions of Corollary 1, w(0, ¢)/2 is a lower bound and

igfsupPg(ﬁ(g, 0) > w(@,ﬁ)) > L > 0.
0 6co 2

9.5 Lower bound for pointwise estimation

In this section, we derive a lower bound based on Corollary 1. For that we consider the Gaussian
white noise model

dY; = ft)dt +n"Y2dw,, te]0,1] 9.5.1)

(cf. (5.1.3)) and squared pointwise loss function £2(f, g) = (f(x) — g(x))? with x € (0, 1) fixed.
As parameter space, we consider the Hoder ball C#(L). In Exercise 5.2, it is shown that under
standard assumptions, the mean squared error is n~2%/(26+1),

Now, we prove that this is also the minimax rate of convergence. The first problem that
we encounter is that the loss function £2(f, g) = (f(z) — g(x))? does not satisfy the triangle
inequality and is thus not a pseudo-distance. Due to E?X < EX?2,

inf sup Eg[2(f, f)] > inf sup EZ[|f(z) — f(x)]]. (9.5.2)

f fe®© f fee

and it is therefore enough to prove that n~?/(28+1) js a lower bound for the minimax rate with
respect to the loss £(f,g) = | f(z) — g(z)|. Observe that ¢ is a pseudo-distance but not a distance
since £(f, g) = 0 does not necessarily imply f = g.

Coming back to our lower bound, we know that the loss function is the pointwise loss
U(f,g9) = |f(x) — g(x)| and the Kullback-Leibler is the squared L?[0,1] norm scaled by a
factor n. We noticed earlier that a good pair of parameters for the lower bound is far apart with
respect to the loss and has Kullback-Leibler divergence at most one. A good ansatz is therefore
fo=0and f; = r,(- — x) for some function r,. Then, ¢(fo, fi) = |r»(0)| and with Lemma
18, K(Py,, Py,) = nHrnH%Q[OJ]. We study functions r,, of the form, r,, = thK(x/hn) with

hy, = en~Y/28+1) for some constant ¢ > 0.
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Theorem 11. Consider the Gaussian white noise model (9.5.1). Then, there exists a positive
constant A = A(f, L), such that

inf sup Pp(|f(x) — f(z)] > An ) > =
f recB(L)

(9.5.3)

OOM—l

In particular, n=2%/8+1) is the minimax rate of convergence for squared pointwise loss function
C(f,9) = (f(z) — g(x))*.

Proof. We apply Corollary 1. Let K € L?(R) N C?(L) and K (0) > 0. Here, we require that K
viewed as a function R — R should be in the Holder ball C?(L). An example of a function K
with these properties should be found as exercise. Consider the two functions

fo=0, and fi :th(-;x>’

where h,, = en~ V(2D with ¢ := 1 A ”K||L2/ 26+1),

Notice that fy, fi € CP(L). For f; this is tr1v1al and for f; this follows from Lemma 2 (ii).
With Lemma 18,

n 1 1
K (Pp, P) = Sllfo = filliago < 52 K Ry = 5 I ey = 5

and ((fo, f1) = RAK(0) = K(0)cPn=5/(2+1)_ Thus, we can apply Corollary 1 with A =
K(O)(1A || K| 20 ) /2. This yields (9.5.3).

Using (9.1.2) and (9.5.2), we deduce that n~B/(28+1) ig a lower bound of the minimax rate for
squared pointwise loss £o. Since this rate is also an upper bound, it must be the minimax rate. [J

Similar constructions can be used to show that n~25/(25+1) s a Jower bound of the minimax
rate in density estimation for squared pointwise loss. Together with the upper bound in Theorem
1, this shows then that n~28/(28+1) js the minimax rate in this model and that the kernel density
estimator with correctly chosen bandwidth is rate optimal.

9.6 Lower bounds with M/ > 1

The two parameter argument employed in the previous section only works for linear functionals.
On the contrary, if we estimate for instance a function with respect to LP-loss, we can construct a
growing number of local perturbations around 6y. To achieve the sharpest rate in the lower bound,
the growth of the number of alternatives has to be taken into account and Theorem 10 needs to be
applied with M = M,, — oc.

Theorem 12. Let Pj, j = 0,1,..., M be probability measures on the same probability space
satisfying P; < F. Then

T(Po,.... Py) > —2L [1—1213]-((”3]' >;<,>}.
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Proof. We prove the assertion by contradiction. If the statement is not true, then there exist disjoint
sets Ao, ..., Ay, such that P;(A$) < B for all i, where B = H+M(1 — 7 Z] 1 P (de > K)).
We might assume that B > 0 since otherwise this is already a contradlctlon Con51der1ng the
cases dP;/dPy > k and dP;j/dPy < k, separately and using Uj]\ilAj C Ag,

—B)<§:3(Aj):§:Eo[g1(Aj)}g;@EO (A9) +ZE0[Z£O <§1€o>“)]

</€B+ZP<Z§ ):M(l—B).

Since M (1 — B) < M (1 — B) is a contradiction, the assertion follows. O

Corollary 2. Suppose there are parameters 0y,01,...,0n € O, such that £(0;,0y) > 2, for
any non-equal pair j, k € {0,1,..., M}, j # k. Further, assume that the loss function { is a
pseudo-distance and that Py, < Py, for j € {1,..., M}. Then for any k > 0,

0.0 ) 2 g1 3y (> )

Proof. The result follows from Theorem 10 and Theorem 12. [

Next, we relate lower bounds for M > 1 to the Kullback-Leibler divergence. As a preliminary
result, we need the following version of Pinsker’s second inequality (cf. p. 88 in [28])

/<1og dQ) dP < K(P,Q) + K(Z’Q) < ZK(P, Q) +% 9.6.1)

where for the last inequality, we used that /a < (a + 1)/2 for all a > 0.

Theorem 13. Suppose there are parameters 0,01, ...,0y € ©, such that £(0;,0;) > 2,
for any non-equal pair j, k € {1,..., M}, j # k. Further, assume that the loss function ¢ is a
pseudo-distance and that Py, < Py, for j € {1,...,M}. Then, for M > 9,

§<1 Z] IK(P97P90))
8 M log M ’

inf sup Py (f(é\, 0) > ) >
6 0cO

Proof. This is another consequence of Theorem 10. Write P; = Py, and use Markov’s inequality
as well as (9.6.1),

£ (37 > Y1) = B lon gt > o) < 2 [ (on ) o < 20

Applying Theorem 10 with Kk = v/ M gives

M
M M K(P;, P
inf sup Pg (6(9 6) > ¢n) \/7 [1 o 1 . 2.52‘771 ( i 0)] .
0 0co 1+vVML  logM Mlog M
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Recall that M > 9. Thus, log(M) > 2. Since x — x/(1 + ) is increasing for z > 0, we have
also VM /(1 + M) > 3/4 and this shows that

M M
~ 3,1 > =1 K(Pj, Po)y 3 21 K (5, Po)
inf sup Pp(£(0,0) > ,) > 2= — 2.5 =—(1-5=

7 oco o (0 )—1/’)—4(2 " Mlog M ) ( " Mg M )

O]

The restriction that M > 9 is not severe, since M is typically chosen as a sequence that
tends to +o00 as n — oo. The theorem provides us with the lower bound %),, on the minimax rate,
whenever

M
1 1
i g K(Py;, Py,) < ylog M, for some y < £

=1

It is also enough to ask that K (ng , Pp,) < vylog M forall 1 < j < M. This should be compared
to Corollary 1, which states that v, is a lower bound if K (P, , Py,) < V2. Obviously, if M tends
to infinity, v/2 < ~log M and therefore the lower bound based on Theorem 13 is in some cases
weaker.

9.7 Lower bounds in supremum norm

In the Gaussian white noise model, the wavelet thresholding estimator achieves by Theorem 5 the
rate of convergence (n/ logn)~#/(28+1) "uniformly over the Holder ball C#(L) and with respect
to the sup-norm loss. In this section we establish a lower bound based on Theorem 13 which shows
that (n/ logn)~#/(8+1) is also the minimax estimation rate. For this setting, wavelet thresholding
is therefore a rate optimal estimator in the minimax sense and the additional log n factor in the
rate of convergence for supremum norm loss is unavoidable.

Theorem 14. Consider the Gaussian white noise model (9.5.1). Then, there exists a positive
constant A = A(S3, L), such that for all sufficiently large n,

B
. > n T 2611 1
inf sup Prl||f — fllre > A > —. 9.7.1)
F recs(r) f(” I [0:1] (logn) ) 16

In particular, (n/ log n)*ﬁ/ (28+1) s the minimax rate of convergence for supremum norm loss.

Proof. We apply Theorem 13 and write P; = Pp,. Take a kernel K € L*(R) N CA(L) with
| K||=e > 0 and support of K in [-1/2,1/2]. Denote by [y | the smallest integer larger than x.

Let
N
My = o)
logn
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with ¢! = 1A (6(28 + 2)|| K [|2)~Y/ 5+ and h,, = 1/M,,. Set x; = (j — 4)h,, and consider

the functions

. o—_ l’j
hy,

fo=0 and fj:hﬁK( ) j=1,..., M.

By Lemma 2 (ii), f; € C°(L) for j = 0,1, ..., M. For the Kullback-Leibler divergence, observe
that for any sufficiently large n,

)) “loge+ logn — loglogn S logn

n
log(M,,) > 1 (( :
0g(Mn) = log (e 26+1  —28+2

Toegether with Lemma 18 and substitution
1y 26+1
K(Pj, Ry) = n”f]”% = nhiﬁ—i—l /K2(u) du < (E) /KQ(“) dulogn < m

for all sufficiently large n.
By construction, the functions f; j = 1,..., M, have all disjoint support. For j # k, and n
large enough,

18 2
(s fi) = supl15(2) = fila)| 2 swp i) 2 (50) 1Ko () 7

Thus, we can apply Theorem 13 and obtain (9.7.1) with A = (2¢) || K||s0 /2. Together with the
upper bound in Theorem 5, this yields the minimax estimation rate (n/ logn)~#/(26+1), O

9.8 Exercises
Ex. 9.1 — Consider the Hodge estimator (9.1.1).
(a) Using Exercise 14.1, show that for the risk at y = p*,

B (i — p)?) = 2073 4p(nM/Y) — 2071 @(—n/*) < n~3/ e V2,
with ® the c.d.f. of the standard normal distribution and ¢ = ®’.
(b) For pu # u*, prove

~ 1 . = N _ 1 _
Bul(fi = )] € — + (0" = p)?Pu([Y = ' <07V =~ +o(n), asn— oo,

using that P(|¢ +a| < b) = ®(b—a) — ®(—b— a) for £ ~ N(0,1) and real numbers a, b.

Ex. 9.2 — Let P, be two probability measures on the same measurable space with u = (P +
())/2-densities p and ¢, respectively. Prove that if P(q(X) > p(X)) = Q(p(X) > ¢(X)) then
there is equality in (9.2.2), that is,

1-V(PQ)

T(P,Q) = — %,

Show that the condition holds for P = N (p, 1) and Q = N (¢, 1) with pu # /.
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Ex.93— Let M > 1and © = {fp,...,00}. 1f£(0,0") = 1(0 # '), then

inf sup Py (¢(6,0) > 1) = T(Py,, ..., Pa,,)-
6 0cO

Ex. 9.4 — Let P, ..., Py be probability measures on the same probability space. Show that

T(Pla"'va)ZT(P1>"'7PM—1)'
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Chapter 10

A quick introduction to measure theory

10.1 Measures and measurable functions

Measure theory underlies probability theory which is the mathematical basis of statistics. This
section is intended to give a very brief introduction of the relevant concepts from measure theory.
This section has been added to provide a short and concise description of measure theory for
statisticians. There are many excellent references including Chapter 1 in [22] and the book [26].

In the beginning of the 20th century it has been observed that it is impossible to find a function
that assigns to each subset of the Euclidean space R% a number that measures the size/volume of
the set. The Banach-Tarski paradox says that one can decompose a ball B in three dimensional
space in finitely many pieces such that the pieces can be reassembled to yield two identical copies
of B. This means that we can double the volume of B by re-arranging the pieces. This highly
non-intuitive result is based on a decomposition into pathological sets. To circumvent this problem,
measures can only be defined on sets which are not too irregular. On the contrary, the system of
measurable sets should be rich enough and should obey some structural assumptions. It is now
common to define measures on o-algebras (also called o-fields). In the following €2 will always
denote the underlying space and A is the collection of measurable sets. The empty set is denoted
by @.

Definition 14 (c-algebra). Let A be a collection of subsets of Q). We call A a o-algebra (on §2)
if the following three conditions hold:

(i) s A
(i) Ac A= Q\Ae A
(iii) Ai1,As,... € A= U;A; € A

This concept is quite similar to the definition of a topology on a space. Indeed, a collection of
subsets 7 (called open sets) defines a topology of €2 if &, Q2 € 7 and 7 is stable under countable
unions and finite intersections. Given a topological space (€2, 7), we define the Borel o-algebra
B(Q2) as the smallest o-algebra which contains the open sets. A running example is the Borel
o-algebra B(R) generated from the open sets on R.

109
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If A is a o-algebra on the space €2, the pair (2, .A4) is called a measurable space and the sets
A € A are called measurable sets. A measurable space can be equipped with a measure.

Definition 15 (measure). A function m : A — [0, 00| is called a measure if
(i) m(2) =0

(ii) For any sequence Ay, Aa, ... € A of disjoint sets, we have m(U; A;) = > .

(2

An example is the Lebesgue measure A on (R?, B(R?)). It generalizes the notion of length,
area and volume in R, R? and R>. The Lebesgue measure is defined for any hyperrectangle
A= (al, bl) X ... X (ad,bd) with a; < b;,

d

AA) =[]0 — a)

=1

and is then extended to all Borel sets B(R?). As a second example of a measure consider the
indicator function defined as §,(A) = 1(z € A) forall A € A.

A measurable set A is called a m-null set (or just a null set if it is clear to which measure m
is referred to) if m(A) = 0. Any discrete set of finitely many points is for instance a null set with
respect to the Lebesgue measure. Null sets can be large, for the measure ¢, above, d,(A) = 0
whenever z ¢ A.

A statement that holds up to a m-null set is said to hold almost everywhere. Under the Lebesgue
measure A on R, it holds that x is irrational for almost every x since the set of rational points is a
A-null set.

The triple (€2, A, m) is called a measure space. Notice the difference between measure space
and measurable space. In statistics, {2 will be the sample space. A probability measure is a measure
m satisfying m(2) = 1. A measure space with m a probability measure is called a probability
space. If a measure is a probability measure, we often write P, (), .. .. For a probability measure
P on (R, B(R)) we define the cumulative distribution function (c.d.f.) as

x+— F(x) = P((—o0,z]). (10.1.1)

Besides o-algebras and measures, the third pillar of measure theory are measurable functions.
For probability measures, these functions correspond to random elements.

For two measurable spaces (£2,.A) and (£, A") consider the function f : Q@ — E. Even if f
is not invertible in the classical sense, we can define the inverse image as the set of all elements in
Q) that results in a specific value of f, thatis, f~1(A4’) ;== {w € Q: f(w) € A}, forall A’ € A

Definition 16 (measurable function). Given two measurable spaces (2, A) and (E, A"), a func-
tion f : Q — E is called measurable if f~1(A") € A forall A’ € A'.

In statistics, we call such a measurable function an E-valued random variable. A measurable
function is called a random vector if (E, A') = (R, B(R?)) with B(R?) the Borel c-algebra
on R<. In the specific case d = 1, measurable functions are called random variables or Borel
measurable functions. Random elements are typically denoted by capital letters X, Y. ...
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Let (€2, A, P) be a probability space and X a random element. Then, we can define a proba-
bility measure Py on the measurable space (F, A’) via Px(A) = P(X~!(A)) forall A ¢ A'.
We then call Py the distribution of X and write X ~ Px.

10.2 Lebesgue integration

Let (€2, A, m) be a measure space. If ¢ = Z§:1 ajly; with A; € Aand a; € R, then, we can
define

k
/¢dm = a;m(4;).
j=1

For a non-negative function f the Lebesgue integral is defined as

k
/fdm ::sup{/gbdm : gb:Zalejwithaj 20,¢§f,k:1,2,...}.
j=1

For an arbitrary real-valued function f, we can define the Lebesgue integral via the decomposition
in a negative and a non-negative part f = fy — f_ with f f_ > 0. If m is the Lebesgue
measure, we also write [ ¢(z)dz. It is also common to make the dependence on 2 explicit by
writing [, fdm for [ fdm. We also define [, fdm := [, 14fdm for A € A.

There are many functions f such that f fdm = 0. It can be shown that all these functions
can, however, only differ from each other on a set of measure zero with respect to m. For given
measure m we can define norms if we look at equivalence classes, where two functions are in the
same class if they only differ on a m-null set. The following should be understood in terms of
these equivalence classes. Let

£l e (,m) = (/ !prdm)l/p.

It can be shown that for 1 < p < oo this defines a norm on the so called Lebesgue spaces
LP(Q,m) = {f : Ifllrm) < oo}

In many cases m is the Lebesgue measure and 2 is an interval or RY. It is common to shorten
then the notation. More generally, whenever it is obvious which €2 and m is used we omit it
from the notation and write L? or LP(Q) instead of LP(€2,m) and || f||z» or || f||z» () instead of
| f1| zr (2,m) - It is moreover common to write LPQ for LP(Q) if Q is an interval or a hypercube.

Consider a probability space (2, A, P) and let X be a random variable. If X € L(Q, P), the
expectation of X is F[X] := [ X (w)dP(w) and if X € L?(f2, P), the variance is Var(X) :=
E[(X — B[X))?] = [(X(w) ~ E[X))2dP(w).

Below, we mention several results that we need to develop the statistical theory. The first result
extends Leibniz’ rule to possibly improper integrals.

Lemma 13 (Interchanging differentiation and integration in parameter integrals). Let A € B(RR)
and f : A X [a,b] — R.If
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(i) for any 0 € [a,b] the function E > x — f(0,x) is Borel measurable,
(ii) x — f(0,x) is integrable over A for some 6 € [a,b],
(iii) the partial derivatives Oy f (x, 0) exist almost everywhere on [a,b] x A

(iv) there exists a function h such that |0y f (0, x)| < h(x) forall x € A and all § € [a,b] with
J4 h(z)de < cc.

Then, we can interchange integration and differentiation in the following sense

d
(w/4f(9,x)dx:/489f(0,x)dx.

Proof. This follows from the dominated convergence theorem. For a full proof, cf. [24], Proposi-
tion 11.2.4 and Notation 10.1.12. O

The integration by parts formula is typically stated for bounded intervals. The next result
provides also an useful extension to the real line.

Lemma 14 (Integration by parts). Suppose that a < band f, g € L'([a,b]). Then for any F,G
with F' = fand G' = g,

b b b
| Py do = PG| - [ 1) Go).

If f,g € L' (R), then also
/_ " F(a)g(w) de = FG(oo) — FG(—00) — /_ T )G da

Proof. The first statement follows from [24], Theorem 7.5.15. For the second statement, observe
that f,g € L'(R) implies that F, G € L>(R) and thus Fg, fG € L*(R). Moreover, since for
<y, |F(z)—Fy)| < [Y]f(u)|du, the limits F(—00) := lim, , o F(z) and F(c0) :=
lim,_, F'(x) exist and are finite. The same holds of course also for G. The second statement
can then be obtained from the first by letting a — —oo and b — oo. O

Theorem 15 (Lebesgue differentiation theorem). Let f € L* (]Rd, ) with X the Lebesgue measure
on R%. Denote by B,(x) C R? the Euclidean ball centered at x € R with radius r > 0 and let
Vol(B:(x)) be the corresponding volume. Then,

. 1
B Vol(B-()) /BE(X) fy)dy

exists and is equal to f(y) almost everywhere.

For more details see [26], Section 1.6.2.
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10.3 The Radon-Nikodym derivative

Let (£2,.A4) be a measure space and consider two measures i, v on this space. Suppose that for
any A € A, v(A) = 0if u(A) = 0. Then we say that x is a dominating measure (of v) and write
v .

A measure m is called a o-finite measure if € can be represented as countable union of
measurable sets with finite measure. For the Lebesgue measure A(R) = cobut R = Ugezk, k+1]
and the Lebesgue measure is consequently o-finite.

Theorem 16 (Radon-Nikodym derivative). If v, i are o-finite measures and v < ., then there
exists a non-negative Borel function f such that

v(A) = /4de, forall A € A.

The function f is referred to as Radon-Nikodym derivative and we write for f also dv/du.
From the definition of the Lebesgue integral it is obvious that ¥ < p is also a necessary condition.
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Hilbert spaces

11.1 Definition

A metric space F is called complete if every Cauchy sequence has a limit in F. If F is a complete
space and || - || a norm on F, then (F, || - ||) is called Banach space.

Definition 17 (Hilbert space). If H is a complete vector space and (-,-) is a scalar product on
H, then (H, (-, -)) is called a Hilbert space.

The scalar product induces the norm || f||m := +/(f, f). Using Cauchy-Schwarz for the
triangle inequality, it can be checked that this is indeed a norm. In particular, if (H, (-,-)) is a
Hilbert space, then (H, || - ||m) is a Banach space.

Definition 18. Ler (H, (-, -)) be a Hilbert space and I be an index set. If { ¢y, }rer C H satisfies
(i) <¢]7¢k> = 1(.7 7£ k:)forallj,k €l,
(it) span{ ¢y trer = H,

then, {¢x }ker is called an orthonormal basis (ONB) of H.

A topological space is called separable, if it contains a countable and dense subset. It is well-
known that a Hilbert space is separable if and only if it has an orthonormal basis with countable
index set. If {¢y } ke is an orthonormal basis of a separable H then, for any f € H, there exists a
unique (cx)rer € R with

f=> cndr and cp = (f, ). (11.1.1)

kel

If I is an infinite set, the right hand side converges with respect to the norm || - ||g.

11.2 L>-spaces

Lemma 15. For any —oco < a < b < o0, define the inner product (f,g) = ff f(x)g(x)dz.
Then, (L?[a,b], (-, -)) is a separable Hilbert space.
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Lemma 16. Each of the following collection of functions is an orthonormal basis of the Hilbert
space (L?[0,1], (-,-)).
(i) {1,v/2cos(2kn-),V2sin(2kr-), k =1,2,...},
(i) {1,v/2cos(kn-),k=1,2,...},
(iii) {1,V/2sin(km),k=1,2,...}.

The bases are referred as trigonometric basis (), cosine basis (i7) and sine basis (7i).

11.3 Exercises

Ex. 11.1 — Assume that (H, (-, -)) is a separated Hilbert space. Prove that {¢y }xc; C H is an
orthonormal basis of H if

(1)<¢]’¢k> = 1(] 7é k) for all ]’k € Ia

(ii)(f, ox) = O for all k € I implies f = 0.



Chapter 12

Distributions, densities and the
maximum likelihood principle

There are various specific classes of distributions on (R, 5(IR)) that appear frequently in statistics.
One option is to introduce them via the c.d.f. in (10.1.1). Because of nicer expressions, it is however
more convenient to take the Radon-Nikodym derivative of F' with respect to an appropriate
measure.

For probability measures P supported on integers we can take the Radon-Nikodym derivative
with respect to the measure m(A) = > :° _ 1(i € A) which yields dP/dm(i) = P({i}) =: p;
for all 7 € Z. The sequence (p;); is called probability mass function (p.m.f.). Observe that the p;
are probabilities and >, p; = 1.

An example is the Bernoulli distribution modelling a possibly unfair coin flip. A random
variable from the Bernoulli distribution with parameter p attains the value 0 with probability 1 —p
and the value 1 with probability p. The p.m.f. is therefore pg = 1 — p,p1 = p and p; = 0 for
ieZ\{0,1}.

A second example is the Poisson distribution Poisson(\) with parameter A > 0. It can be
defined via its p.m.f. p; = e A\ /i! fori = 0,1, ...and p; = 0 for i < 0. This distribution occurs
in many applications where a number of waiting times is observed. For instance counting the
number of photons in some detector is typically Poisson distributed.

A random variable X is said to have a continuous distribution if Px is dominated by the
Lebesgue measure on R. By the Radon-Nikodym theorem, this means that there is a function f
such that Px (A) = [, f(x)dz. The function f is called the probability density function (p.d.f.)
of X. The p.d.f. is non-negative and integrates to one.

An example of a continuous random variable is the normal distribution (or Gaussian distri-
bution) N (u, 0%) with parameters ;1 € R and 02 > 0. The p.d.f. of the normal distribution is

fx) = (2m0%)~1/2 exp(~220).

Another example of a continuous random variable is the uniform distribution on an interval
[a, b]. We write U[a, b] and the corresponding p.d.f. is f(z) = (b — a)~'1(x € [a,b]).

A random vector (X71,...,X,,) is said to have a continuous distribution if P, ..,
dominated by the Lebesgue measure on R". An example is the multivariate normal distribution
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with mean vector 1 € R™ and positive definite n x n-covariance matrix 3. We write N (u, 3)
and the p.d.f. is f(x) = (2m) /2 det(X) /2 exp(—3(x — p) "7 (x — p)).

Given a random vector (X7, ..., X,), we say that X;,..., X, are jointly (or mutually)
independent if P(X < t1,..., X, <t,) =P(X1 <t1)-...- P(X,, <tp). U Xq,..., X,
also have the same distribution than we say that X1, ..., X, are independent and identically

distributed (i.i.d.). The p.d.f. of the random vector (X1, ..., X,,) is in this case ;" ; f(z;) with
f the p.d.f. of a single component.

12.1 The maximum likelihood principle

Suppose that we observe n coin flips of a coin that returns 1 (heads) with probability p and 0O (tails)
with probability 1 — p. Given the data X1, ..., X,, we are interested in recovering the unknown
parameter p. To build an estimator (reconstruction method based on the data), we can use the
maximum likelihood principle. It suggests to take the most likely parameter value given the data
provided this exists. Suppose we observe a random element X with distribution Py where § € ©
is the unknown parameter and © is the parameter space, for instance the real numbers. Let pg be
the Radon-Nikodym derivative with respect to a dominating measure y, for example the p.m.f. or
the p.d.f. The maximum likelihood estimator (MLE) 9 is then the maximizer

6= argmaxgeg po(X).

This requires that the MLE exists and is unique.

As an example consider the setting above with i.i.d. X; following a Bernoulli distribution with
unknown parameter p. The p.m.f. can be written as [ [/~ p” (1 — p)' =% since p®i (1 — p)} =% =
p for z; = 1 and p¥i(1 — p)'=% = 1 — p for z; = 0. The MLE is then the minimizer of
pi Xi(1 — p)»~2i X whichis p=n""! > X



Chapter 13

Brownian motion

13.1 Definition and basic properties of Brownian motion

Brownian motion appeared at the beginning of the 20th century in the work by Bachelier on
finance. Around the same time Einstein used it as a model for particle movement. A mathematical
treatment including a proof of existence of Brownian motion is due to Norbert Wiener. Brownian
motion is therefore also sometimes called Wiener process.

Definition 19 (Brownian motion). A collection of random variables (Wt)te[o,T] defined on a
probability space (X2, A, P) is called a Brownian motion (on [0,T1]) if

(i) Wy = 0 P-almost surely

(ii) W has independent increments. This means that for increasing indices 0 < tg < t; <
oo <ty < T, the random variables Wy, — Wy, _, @ = 1,..., m are mutually independent.

(iii) Forany0 < s <t <T, Wy — W5~ N(0,t —s)
(iv) sample paths t — Wy are continuous functions P-almost surely.

Existence of the Brownian motion is non-trivial. It turns out that condition (iv) can be derived
from (4) — (¢i7). Brownian motion has many interesting properties. A consequence of the definition
is that Brownian motion is a Gaussian process, that is, the random vectors (W} ). follows a
multivariate normal distribution for all finite subsets I C [0, T']. Moreover,

Cov(Ws, W) = s At
There is also an inversion of this. If a Gaussian process has this covariance for all 0 < s,¢ < T
then it is a Brownian motion. Moreover, it can be shown that the realizations or paths ¢ — W}

have Holder index « for any o < 1/2, P-almost surely.
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13.2 Integration with respect to Brownian motion

In this section we aim to define an integral with respect to Brownian motion. This means that for
a Brownian motion (W})¢(o,7) on the probability space (§2, F, P) we want to give an interpreta-

tion to the expression fOT f(s) dWs. One option is the Itd integral that defines [ X, dW, for a
class of stochastic processes (X)e[o,7)- For our purpose it is enough to define [ f(s) dW for
deterministic integrands in L2[0, T. This is sometimes called the Wiener integral (but there is
another integral that is also called Wiener or Paley-Wiener integral).

Construction of the Wiener integral: For simple functions f = Z?Zl a;1(- € [tj—1,t5])
with real coeflicients a; and 0 < ¢y < 1 < ... < ¢, < T, the Wiener integral is defined as

fo s)dWs = Z 1 a; (Wi, — Wy, _,). For two simple functions f, g, one can check that by
the propertles of Browman motion,

/f dW/ dW /f (13.2.1)

Denote by L?(), F, P) the space of square integrable random Variables on the probability space
(Q, F, P) with norm || X|| ;2 Q]_-p) E'2[X?]. The map f fo s) dWy that sends sim-
ple functions f € L2 [0,T7] to fo s)dWs € L*(Q,F,P)is therefore an isometry, that is,

Il 20,1 = | fo $) AWs|| 12(q,7,p)- Simple functions are dense in L*[0, T'] (reference ?2?).
For any function f 6 L2[0 T } there exists thus a sequence of simple functions (fi)x with
Ilf = frllz2(0,r7 — O. This is then a Cauchy sequence and therefore fOT fr(s) dWy is a Cauchy

sequence in L?(£2, F, P). Therefore, we can define fOT f(s) dWy as the L%(Q, F, P)-limit of
f()T fk(s) dw,

Basic properties: Let us mention some basic properties of the Wiener integral fOT f(s) dWs
for a deterministic integrand f € L?[0,T.

Lemma 17. If f, g € L?[0,T), then,

(i) [T £(s)dW, ~ N, HfHLz[OT)

(ii) Cov (fo s) dWs, fo s) = fOT f(s)g(s)ds

(ii) implies that for two L2-orth0g0nal function f, g the corresponding integrals [ f(s) dWj
and [ g(s) dW; are uncorrelated and, because they are Gaussian, also independent.

13.3 Girsanov’s formula

Denote by C[0, T the space of continuous functions on the interval [0, T']. By property (iv) in
the definition of a Brownian motion, we know that a realization or sample path of (Wt)te[o,T]
lies in C[0,T’] almost surely. Now, we can equip C[0, 7] with the maximum norm ||f|. =
max;e(o,7) | f(t)|- This norm generates a topology and we denote by B(C[0, T]) the correspond-
ing Borel o-algebra on the space of continuous functions C[0,7]. For any f € L2[0,T],
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consider the process Y = (Y});eo,7) With V; = fo s)ds + W;. On the measure space
(C[0,T],B(C[0,T]), P) define the probability measure Pf(A) = P(Y, € A)forall A €
B(C[0,T1]). Girsanov’s formula gives an explicit expression for the Radon-Nikodym derivative
dPy/dP,, where Py denotes the distribution with f being identical to zero.

Theorem 17 (Girsanov’s theorem). For any f,g € L*[0,T], P; < Py and
de
TPO = exp / f(s HfHL2[0 T])

13.4 Kullback-Leibler divergence for Gaussian white noise model

Based on Girsanov’s formula, we can derive an explicit formula for the Kullback-Leibler divergence
in the Gaussian white noise model.

Lemma 18. Denote by Py the distribution of Y = (Yy)ejo,1) with dYy = f(t)dt + n=12dw;,
t € [0, 1] on the measurable space (C[0,1], B(C[0,1])). If f, g € L?[0,1], then

n
K(Py,P,)) = §||f - 9“%2[0,1}'

Proof. By Theorem 17,

de 2(
dPo ) = exp /f dYt—/f dt

We can now rewrite dPy/d P, using standard properties of the Radon-Nikodym derivative. Using
P; < Py < P, for the first identity and P, < Py < P, for the second, we obtain

AP _ APy iy _ dPy dry)-
dP, dPydP, dPy\dPy/
which yields

K(P;,P) = /log (jif) dP;

/log (flpf>dpf_/log(jpo)dpf
dP
_Ef[log(dpz)} Ef[lg(;”;iﬂ
= E¢[n / f(t dYt—/ [0 dt—n/ (t)dYﬁZ/olg(t)?dt}
—nA(ﬂ) 9(1)) ﬁ/ f Yt + 2 / OR

1
=¢A(ﬂw—mwfﬁ

= n”f - 9”%2[0,1]-
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13.5 Exercises
Ex. 13.1 — Prove (13.2.1) for simple functions f, g.



Chapter 14

Concentration inequalities and tail
bounds

14.1 The union bound

The union bound says that for measurable events A;,
P(UA) < X P4y
J J

The inequality follows directly from the axioms of a measure. In statistics, the union bound is
often applied to bound the probability of a maximum over random variables. More precisely,

P(maxV; > t) = P(U{Vj > t}) <Y PV = 1)
J " -

J J
14.2 Tail bounds for the normal distribution

Lemma 19. For £ ~ N (0, 1), we have P(|§| > u) < 2e—u?/2.

Proof. By Markov’s inequality, P(€ > u) = P(e%¢ > ¢**) < E[e%]/e"* = ¢~**/2. Conse-
quently, P([¢| > u) = P({¢ > u} U{=¢ > u}) < < > u) < 272, O

Together with Mill’s ratio (cf. Exercise (6.9)), we obtain the tail bound
2
P(J¢] 2 u) < min (2, f)e“Q/Q.
Vru
Lemma 20. Ifn;, 5 =1,..., M are centered normal random variables, then,

B[ max |n;]] < (V2log M +1) max /Var(n).
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Proof. By rescaling, it is enough to consider the case that max; <<y Var(n;) = 1. With Exercise

14.1 and |n;| < v/2Tog M + |n;|1(|n;| > v21log M),

M
E| max |nj|] = \/ZIOgM—}—ZE“nj\l(Mj\ > \/2log M)] < V/2log M +1.
j=1

1<j<M

14.3 [Exercises
Ex. 14.1 — Prove that for £ ~ NV(0,1), ® the c.d.f. of £ and ¢ = @/,

E[IE1([¢] = u)] = 26(u)

and
E[E1(¢] = )] = 2ud(u) + 28(—u).



Chapter 15

Miscellaneous

15.1 Order symbols

To derive convergence rates, for instance, we often need to bound the growth of a sequence
of non-negative real numbers by another sequence. Since we are interested in the decay of the
sequence, the bounds need to hold up to constants only. Below, we summarize mathematical
notation that is relevant for these type of arguments.

Consider two non-negative sequences (a, ), and (by, ), with n running through the positive
integers. We write a,, < b, if there is a constant C' > 0 such that a,, < Cb,, for all n. The symbol
< means therefore smaller up to constants. The expression b,, = a,, is equivalent to a,, < b,,. If
an < by and b, < a,, we write a,, < b,. The symbol =< thus means that the two sequences are of
the same order.

If it is clear from the context, we do not need to define the sequence. For instance, we can
write 2n~1 < n since it is obvious that we mean the sequences (2n1),, and (n)s,.
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