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1 High Level and Motivation

1.1 Problem

• Normal reinforcement learning is the process of extracting an optimal
policy for a given reward function in an environment.

• Inverse reinforcement learning is the process of extracting a reward func-
tion from an environment given observed optimal behavior.

1.2 Example

You are able to observe an agent’s actions as it tackles a modified version of the
Mountain Car problem:

In the normal case, the car’s aim is to reach the yellow flag where it will
receive a reward.

In the modified case, which interests us, the car driving agent was trained to
reach a different location (unknown to us) by being provided a different reward
signal.

We have access to:

∗paper: https://ai.stanford.edu/ ang/papers/icml00-irl.pdf
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1. the examples of the driving agent’s actions over time

2. the state before each decision was made, and

3. a model of the environment

Our goal is to uncover what the reward signal is.
CRITICALLY: We assume that the actions we are observing are optimal

for the reward function. In other words: We assume that the actions taken by
the driver of the car are ”perfect” so to speak, for the given reward function.
We then make inferences about possible reward functions, R, which satisfy the
constraint that if an agent learns the optimal policy for R it will exhibit the
same behavior we observe in the driving examples provided.

1.3 Identified issues

In any environment, with any observed action there exists multiple valid re-
ward functions to explain the behavior. For example, in an environment which
uniformly always gives 0 reward we can expect every policy in an environment
with this R to be ”optimal”. Such solutions to the IRL problem such as uniform
reward functions are considered degenerate.

In order to select the ”best” reward function R is evaluated by how uniquely
it describes the behavior exhibited. I.e. if R can explain many different policies
(think how the 0 reward solution explains every policy) then it is valued less.

1.4 Three Problem Areas

The paper highlights and provides solutions for 3 distinct types of environments
and circumstances for IRL.

1. Discrete environments where the policy is fully known (finite state space)

2. Continuous environments where the policy is fully known (infinite state
space)

3. Continuous environments where you are only provided with a finite set of
observed trajectories (infinite state space with limited information about
the agent). This is the most realistic setting.

2 Core content

2.1 Notation used by the paper

It’s all pretty standard stuff:

• S is a finite set of N states

• A = {a1, . . . , ak}
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• Psa(·) are the state transition probabilities upon taking action a in state
s

• γ ∈ [0, 1) is the discount factor

• R : S 7→ R is the reward function, bounded in absolute value by Rmax.
They write the reward function as R(s).

• π : S 7→ A is a policy.

• V ∗(s) = supπ V
π(s) is the optimal value function

• Q∗(s, a) = supπ Q
π(s, a) is the optimal Q-function

When looking at discrete problems, we represent the functions as vectors
indexed by the state. For example:

I = identity

R[Si] = reward at Si

Vπ[Si] = value at Si while following policy π

Pa[Si, Sj ] = starting in Si, taking action a, probability of arriving in Sj

2.2 Constraint on R

The following condition must hold if R is an optimal solution:

(Pπ(s) −Pa)(I− γPπ(s))
−1R � 0 ∀ a ∈ (A− {π(s)})

x � y if and only if ∀i xi ≥ yi
π(s) is the optimal action (what we observe) and therefore a is every action

other than the optimal action.
This can be intuitively viewed with an example:

Pπ(s) =

[
0.2 0.8
0.5 0.5

]
Where each row represents a possible starting state [S0 or S1] and each column
represents a possible next state [S′0 or S′1] all given you take the action π(s).
The probability of transitioning from S → S′ is the value in that cell.

Pa2 =

[
0.9 0.1
0.7 0.3

]
Where a2 is an example of an action other than π(s).

([
0.2 0.8
0.5 0.5

]
−
[
0.9 0.1
0.7 0.3

])([
1 0
0 1

]
− γ

[
0.2 0.8
0.5 0.5

])−1 [
r0
r1

]
� 0

3



let γ = 0.8[
−0.6 0.7
−0.2 0.2

] [
0.79 0.84
0.53 1.11

] [
r0
r1

]
� 0

If we let r0 = 1 and r1 = 0 (arbitrarily chosen) meaning that in state S0 the
agent receives 1 reward and in state S1 the agent receives 0 reward. Any policy
which maximises getting to state S0 will be preferable (better).[

−0.6 0.7
−0.2 0.2

] [
0.79 0.84
0.53 1.11

] [
1
0

]
� 0[

−0.103
−0.052

]
6�
[
0
0

]
Looking at our result we can see that the parameters r0 = 1 and r1 = 0 do

not satisfy the condition. This makes logical sense as:

Pπ(s) =

[
0.2 0.8
0.5 0.5

]
Pa2 =

[
0.9 0.1
0.7 0.3

]
and we can see that

π(s) will (with probability 0.2+0.5
2 = 0.35) will leave the agent in S0 and

a2 will (with probability 0.9+0.7
2 = 0.8) leave the agent in S0.

So: π(s) will perform worse than a2 when r0 > r1. Therefore in this case,
our selection of R was poor. It’s important to note, π(s) should be the optimal
action meaning, there are no other better actions which is where the ∀ a ∈
(A− {π(s)}) component of the original equation comes from.

At this point it’s also clear why the degenerate solution R = 0 exists.

2.3 The unique optimal policy

By replacing all of the inequalities above with strict inequalities:

(Pπ(s) −Pa)(I− γPπ(s))
−1R � 0

We can see that this strict inequaliy will yield π(s) as the unique optimal policy
for R meaning that degenerate solutions such as R = 0 are removed. This,
however, does not exclude the fact that there can be multiple valid Rs per π(s).

Before:

• Many valid π(s) per R and

• Many valid Rs per π(s)

After:

• 1 valid π(s) per R an
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• Many valid Rs per π(s)

The next question may be:
. . . How do we pick the most valid R?

2.4 Picking R

2.4.1 How to evaluate different valid Rs

The paper considers two things when evaluating:

1. Demand that it makes π optimal (this one’s pretty obvious because if it
didn’t we wouldn’t be solving the IRL problem)

2. Select an R which optimizes π but minimizes other policies.

The paper presents an option for achieving (2.). We can evaluate Rs using
the following: ∑

s∈S

(
Qπ(s, π(s))− max

a∈(A−π(s))
Qπ(s, a)

)
In plain english:
We find the value of following the policy π given R. We then subtract the

the value of picking the best action out of the remaining actions - we exclude
the one π picks. IF π is optimal then the value being subtracted will always be
the value of the second best action (because π picks the best one).

Simply performing this over every action will present you with a measure
for evaluating different Rs.
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2.4.2 ”Overfitting” R

Top: recovered R with small
λ Bottom: recovered R with large λ

Although our goal is to extract an exact reward function there may still be
issues with whether we will extract the true reward function.

For example, in a state where the policy must make an arbitrary decision
(say: move up or move down) and the same decision is made each time. We may
learn an incorrect reward function even though the agent was acting optimally.

They suggest a general solution to this and other related problems by in-
troducing a penalty function −λ||R||. The paper proposes that solutions with
smaller rewards are ”simpler”.

2.4.3 How to actually pick your R

Just solve the following linear programming task:
(what is LP?):
Linear programming (LP, also called linear optimization) is a method to

achieve the best outcome (such as maximum profit or lowest cost) in a mathe-
matical model whose requirements are represented by linear relationships. Lin-
ear programming is a special case of mathematical programming (also known
as mathematical optimization).

maximise

N∑
i=1

min
a∈{a2,...,ak}

(Pπ(s)(i)− Pa(i))(I − γPπ(s))−1R− γ||R||1
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s.t.(Pπ(s) − Pa)(I − γPa1)−1R � 0 ∀a ∈ (A− π(s))

|Ri| ≤ Rmax, i = 1, . . . , N

We can see each element that has been discussed so far:

(Pπ(s) − Pa)(I − γPa1)−1R � 0 ∀a ∈ (A− π(s))

Is the constraint for R to be optimal.

maximise

N∑
i=1

min
a∈{a2,...,ak}

(Pπ(s)(i)− Pa(i))(I − γPπ(s))−1R− γ||R||1

Is the optimization of R using 2.4.1 and 2.4.2

|Ri| ≤ Rmax, i = 1, . . . , N

Is one of the initial constraints of the problem (that the rewards are bounded
by some Rmax)

3 Their Experiments and Comments

They don’t actually provide any data for their experiments and this paper
was published in 2000. There are more modern approaches to extracting re-
ward signals. For example, using a GAN to estimate a user’s behavior can
be then used to make inference about their preferences based on their actions
https://arxiv.org/abs/1812.10613.

3.1 5x5 Grid world

• Start in the lower left cell of a 5x5 grid

• The top right cell is an absorbing state where the agent receives 1 reward

• The environment is stochastic, there is a 30% chance that the action chosen
will be randomized resulting in a random movement instead.

3.2 Mountain car
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• -1 reward per step until the car reaches the terminal point.

• Movements are continuous

3.3 Sample based, continuous 5x5 Grid world

• Modified version of the 5x5 grid world where the environment is continu-
ous: The state was [0, 1]× [0, 1].

• The environment is still stochastic as after each action, noise [−0.1, 0.1] is
added.

• We only have access to trajectories of actions rather than direct access to
the policy.
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