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Abstract
Artificial Intelligence is a widely investigated area with the grand goal to create

an artificial system which exhibits general intelligence on or beyond human-level.
Such a system should be able to learn fast and be independent of any parameters
or environments.
The theory of Universal Artificial Intelligence (UAI), which emerged in the begin-
ning of this century, is a top-down approach to the problem of general intelligence.
In this work we will present a sound and complete mathematical model for a super
intelligent agent (AIXI) which can be embedded in any unknown environment
and possesses all aspects of rational intelligence, i.e. it is able to self-adapt to a
diverse range of interactive environments [2].
Furthermore, several approximations of AIXI will be introduced which have been
successfully implemented. They demonstrate that AIXI is able to learn from
scratch to play games like TicTacToe, Pacman etc. without even providing any
rules.
This seminar paper is mainly based on the work of Marcus Hutter [2–5].

1 Introduction
Plenty of research has been invested in studying the human mind and understanding the
traits of intelligence. The field of Artificial Intelligence (AI) is responsible for studying
and creating artificial systems which exhibit intelligent behavior. The dream of AI is to
develop systems that possess general intelligence on a par with the human mind or even
beyond. Many theories and approaches have been constructed in the area of Artificial
General Intelligence (AGI).
Nowadays most results in the field of AI are limited in the area of application, e.g.
logical/probabilistic systems which are utilized for pattern recognition [1], or neural
networks being used to learn specific tasks. Our goal is to provide an intelligent
system which has the ability to learn and adapt to general tasks and a wide range
of environments. A further issue with AGI is the absence of a general definition or
theory of “intelligence”. Assume the availability of unlimited computational resources.
Then solving NP-complete problems or e.g. playing chess optimally becomes trivial,
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but managing practical tasks like driving a car or surviving in nature is still a hard
problem. The reason is the complexity of well-defining the latter problems, not to
mention presenting an algorithm. Thus a formal mathematical definition of intelligence
could provide a basis for further work on AGI.
In the first decade of this century a new theory of Universal Artificial Intelligence, a
modern information-theoretic inductive approach, has been developed which may provide
a formal definition to the latter problem. Furthermore, the model provides a universally
optimal rational agent AIXI, i.e. an parameterless, model-free agent which theoretically
learns faster compared to other possible agents. It is able to self-adapt to unknown
environments and learn from scratch by reinforcement. A major drawback of AIXI is
that it is incomputable, thus requiring effective approximations to be implementable.
In the following chapter we will first introduce basic notions and definitions of an agent
model, followed by an optimal model for known computable environments. In chapter
3, the universal agent AIXI is presented, which is provably optimal and fully rational.
Afterwards, a few approximations of AIXI are listed, including the AIXItl agent, which
has a runtime of O(t · 2l). Finally, the results of this work are summarized in section 4.

2 Preliminaries
This chapter presents the basic definitions of the Universal Agent Model [9]. First, we
formalize the notion of a rational agent interacting with some environment. Afterwards,
an optimal agent will be presented w.r.t maximizing his own reward given a known com-
putable environment. We will then modify this agent and introduce several ingredients
to derive a model which acts optimally even if the environment is unknown.

2.1 Rational Agent Model
Let X := O×R,R ⊂ R denote the input alphabet and Y be the output alphabet, where
O and Y can be arbitrary sets of symbols. We then define the Agent Model, consisting
of an agent and environment interacting with each other in (possibly infinitely many)
cycles, as follows:

Definition 1. Agent Model
In each cycle k the agent performs an action yk ∈ Y depending on all previous ob-
servations: yk = p(y1x1...yk−1xk−1). Afterwards the environment performs a reaction
okrk =: xk ∈ X , where xk = q(y1x1...yk−1xk−1yk).
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In the following we will use the term “output” synonymously for the agent’s action
(resp. “input” for the environment’s reaction). The output xk consists of an actual
output ok and a real-valued reward rk, which serves as a feedback mechanism for the
agent’s decisions (higher reward means “better” decisions). Furthermore, the input
function q can either be a deterministic function q(y1x1...yk−1xk−1yk) or more generally
a probability distribution µ(y1x1...yk−1xk−1yk). In particular, if we define X and Y as
strings over an alphabet, then p and q can be interpreted as Turing machines with
unidirectional input/output tapes (Fig. 1).
In order to keep the definitions clear, we define the following notation: A string s shall
be expressed as the concatenation of other strings s = x1x2...xn. Furthermore, we have
xn:m := xnxn+1...xm−1xm, x<n := x1...xn−1, yxn := ynxn and yxn:m := ynxn...ymxm.
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Figure 1: Illustration of the Agent Model, consisting of agent and environment interacting
with each other

For the rest of this subsection we will assume that the environment is known to the
agent, i.e. the agent can calculate the probability distribution µ(y1x1...yk−1xk−1yk) for
arbitrary values y1x1...yk−1xk−1yk (this also includes the case where the enviroment is
calculated by a deterministic function, since deterministic functions can be expressed as
probability distributions with the only probabilities 0 and 1). Our goal is now to find
an agent which maximizes the expected future reward. We define the value of an agent
p in environment µ as follows:

V p
µ :=

∑
x1:m

(r1 + ...+ rm)µ(yx1:m)

where y1:m = p(x<m) denotes the output of p. The variable m is called the “horizon” and
determines the lookahead of the agent. V p

µ describes the weighted sum of the rewards
over all inputs x1:m depending on the outputs y1:m of p.
We can now define the AIµ agent:

Definition 2. AIµ agent
The AIµ agent is, given µ, the agent with the policy pµ which maximizes the µ-expected
total reward:

pµ := arg max
p
V p
µ
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From this definition we can derive the optimal action of the AIµ agent for each cycle
k:

yµk := arg max
yk

∑
xk

max
yk+1

∑
xk+1

...max
ym

∑
xm

(rk + ...+ rm)µ(yxk:m|yx<k)

Hence, the optimal agent performs an expectimax algorithm for the next m− k cycles
and chooses the output yk with the highest expected conditional reward, given the
history yx<k (Fig. 2).
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2.6 Explicit Form of the AIµ Model

Let us define the AIµ model p∗ in a different way: Let µ(yx<kyxk) be the true
probability of input xk in cycle k, given the history yx<kyk; µ(yx1:k) is the true
chronological prior probability that the environment reacts with x1:k if provided
with actions y1:k from the agent. We assume the cybernetic model depicted on
page 7 to be valid. Next we define the value V ∗µ

k+1,m(yx1:k) to be the µ-expected
reward sum rk+1+...+rm in cycles k+1 to m with outputs yi generated by agent p∗

that maximizes the expected reward sum, and responses xi from the environment,
drawn according to µ. Adding r(xk)≡rk we get the reward including cycle k. The
probability of xk, given yx<kyk, is given by the conditional probability µ(yx<kyxk).
So the expected reward sum in cycles k to m given yx<kyk is

V ∗µ
km(yx<kyk) :=

�

xk

[r(xk) + V ∗µ
k+1,m(yx1:k)]·µ(yx<kyxk) (7)

Now we ask how p∗ chooses yk: It should choose yk as to maximize the future
rewards. So the expected reward in cycles k to m given yx<k and yk chosen by p∗ is
V ∗µ

km(yx<k) :=maxyk
V ∗µ

km(yx<kyk) (see Figure 4).
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Figure 4 (Expectimax Tree/Algorithm for O=Y =IB)

Together with the induction start

V ∗µ
m+1,m(yx1:m) := 0 (8)

V ∗µ
km is completely defined. We might summarize one cycle into the formula

V ∗µ
km(yx<k) = max

yk

�

xk

[r(xk) + V ∗µ
k+1,m(yx1:k)]·µ(yx<kyxk) (9)

We introduce a dynamic (computable) farsightedness hk ≡ mk−k+1 ≥ 1, called
horizon. For mk = m, where m is the lifetime of the agent, we achieve optimal

Figure 2: Illustration of the expectimax algorithm for X = O = {0, 1}.

2.2 Universal Induction
In the last section it was shown that we can explicitly construct an agent which performs
the optimal action with respect to the horizon m, if the environment is known. What
about unknown environments, i.e. if µ is not given?
This section will discuss a solution for unknown environments by presenting a global
approximation for the probability distribution µ. The underlying concept is based on
the theory of universal induction by Solomonoff [10,11].

Definition 3. Inductive Inference
Given data points xt s.th. t < n, the task is to predict the next data point xn from the
sequence x1, ..., xn−1.

First, we recall Occam’s Razor, a well-known principle of problem solving:

Proposition 1. Occam’s Razor
Take the simplest hypothesis consistent with the data.
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Thus, given arbitrary data points, Occam’s Razor suggests to assume the simplest
possible model for these data and make the next prediction based on that model. In
order to accomplish this task, a measure of complexity is necessary. We use universal
Turing machines to measure the complexity of arbitrary strings [7]:
Definition 4. Kolmogorov complexity
Let U be a universal prefix Turing machine, i.e. a TM with unidirectional input/output
tapes. The Kolmogorov complexity of a string s is defined as

K(s) = min
p
{l(p) : U(p) = s}

The Kolmogorov complexity of a string s is length of the smallest Turing machine
description which will terminate with s on the output tape. We note that K(s) is not
computable.
Now, by combining both Occam’s Razor and the Kolmogorov complexity, the first
attempt to define a probability distribution could be as follows:

P (s) := 2−K(s),

where s is an arbitrary string. Thus, the simplest string with respect to the Kolmogorov
complexity will be predicted with the highest probability. There are two issues with
this approach: First, P () is not a normalized probability distribution, and second, P (s)
is not computable, since neither K(s) is.
Furthermore, another problem-solving principle, would contradict to this approach:
Proposition 2. Epicurus’ Principle of Indifference
If more than one hypothesis is consisten with the observed data then keep all hypotheses.

Another approach is based on Solomonoff and is known as the universal prior :
Definition 5. Solomonoff’s universal prior
Let U be a universal prefix TM. Solomonoff’s universal prior is defined as

M(s) :=
∑

p:U(p)=s∗
2−l(p)

Thus, given a string s, we sum up the weighted lengths of each TM description whose
output starts with s (hence we respect both Occam’s Razor and Epicurus’ Principle).
Alternatively, M(s) can be interpreted as the probability that we obtain a (binary)
description of a TM 1which outputs a string starting with s by flipping fair coins.
One can show that the following inequality holds [3]:

∞∑
t=1

(1−M(xt|x<t))2 ≤ 1
2 ln 2 ·K(x1:∞)

It follows that if the environment µ is computable, i.e. K(x1:∞) <∞ (there is a TM
which outputs the perceptions x1:∞), then M(xt|x<t) converges to 1, thus M() correctly
predicts the next data point xt for large t. Furthermore, Solomonoff proved that M()
will converge to µ, i.e. M(xt|x<t) t−→∞−→ µ(xt|x<t). In the following we can use a slight
modification of Solomonoff’s universal prior as an approximation of the unknown µ.
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3 Universal Agent AIXI
In this section we present the main result of this work, the universal agent AIXI.
The difference between AIXI and the AIµ agent (see Definition 2) will be that AIXI is
independent of the environment µ and thus can be deployed in any unknown environment.
It can also be shown that AIXI is optimal in the sense that no other program can
learn or solve any task faster (in less cycles) [2]. A drawback of this model is that it is
incomputable. Thus we will illustrate a few approximations of AIXI.

3.1 The AIXI Model
Chapter 2.2 presented an approximationM for any unknown environment µ for inductive
inference systems. We are looking for a general agent model which can solve multiple
problem classes. Since there are problem classes which cannot be represented as sequence
prediction problems (e.g. optimization problems, strategic games) a few modifications
to the universal prior have to be made. First, M will be generalized to ξ s.th. we can
apply ξ to many problem classes. Afterwards, we can use ξ as an approximation for our
environment, thus plugging it into the AIµ model from Definition 2 will result in the
general AIξ model.
We define ξ(y1x1...ykxk) as the weighted sum over all (computable) environments q
whose output is equal to the data points x1:k given y1:k as inputs:

ξ(yx1:k) =
∑

q:U(q,y1:k)=x1:k

2−l(q)

One can show that ξ is still a valid probability distribution and also converges to µ, i.e.
ξ(yxt|yx<t) t→∞−→ µ(yxt|yx<t).
As the next step we recall the optimal action of the AIµ agent for cycle k:

yµ
k := arg max

yk

∑
xk

max
yk+1

∑
xk+1

...max
ym

∑
xm

(rk + ...+ rm) · µ(yxk:m|yx<k)

By replacing µ by our approximation ξ we obtain the AIξ model in one line:

yξ
k := arg max

yk

∑
xk

max
yk+1

∑
xk+1

...max
ym

∑
xm

(rk + ...+ rm) · ξ(yxk:m|yx<k)

= arg max
yk

∑
okrk

max
yk+1

∑
ok+1rk+1

...max
ym

∑
omrm

(rk + ...+ rm)
∑

q:U(q,y1:m)=or1:m

2−l(q)

Hence, the result is an expectimax description of the optimal output yk for cycle k
depending on the future outputs yk+1...ym, perceptions okrk...omrm and all possible
environments q which are consistent with the history yx1:m. This implies that the AIξ
agent will automatically “learn” and predict the correct environment q after a sufficient
amount of cycles k, thus the agent will be equivalently optimal as the AIµ agent for
known environments.
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The following properties of AIξ can be shown: AIξ is universally optimal, i.e. it is
independent of µ and no other agent can learn faster (in fewer cycles). Also, this model
is complete, since it is a full specification without missing any information/parameters.
Furthermore, the agent acts rational due to maximizing his future long-term reward.
A few problem classes are already known to be solveable by AIXI, namely Sequence
Prediction, Strategic Games, Function Optimization and Supervised Learning problems
[3]. Also, the theory of AIXI allows to define a universal measure of intelligence, i.e.
agents can be sorted w.r.t their intelligence using this measure [6].
One open question is the optimal choice of the horizon m, i.e. the number of cycles the
agent has to “look ahead”, since too small values may miss out a global optimum but
too large values could result in bad adaptations to small local changes. Another open
problem is the incomputability of the AIXI model: it is only limit-computable. In order
to implement AIXI, approximations are necessary, which lead us to the next section.

3.2 Approximations of AIXI
The core component of the AIξ agent is the approximation ξ of the environment. This
function is not computable, thus AIξ is also not computeable. This highlights the
importance of approximation algorithms.
One first approach could be to asymptotically compute the next action. This does not
scale well since the convergence of ξ is very slow [3]. Another approach is to limit the
number of possible agents by setting a boundary to runtime t and length l of the TM
description, thus resulting in the AIXItl model with runtime O(t · 2l).
The idea is as follows: Given an agent p′ which has a runtime t′ in each cycle we first
execute all programs p which have less or equal runtime and description size than
p′. Afterwards, we pick the p with the output which maximizes the expected reward
V p
ξ := ∑

x1:m(r1 + ...+ rm)ξ(yx1:m), where y1:m = p(x<m). This results in a total runtime
of O(2l(p′) · t′). This approach has another issue: V p

ξ is not computable. But there is a
solution by assuming that after each cycle every agent p writes a reward value wpk on
the output tape and thus rate themselves. Furthermore, it can be shown that there is a
logical predicate VA(p) which guarantees that wpk ≤ V p

ξ and which the universal TM
can easily verify [3].
Now we can turn to the actual algorithm:
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Given: parameters lP , l, t

1. Create all possible binary strings of length ≤ lP and interpret them as a logical
proof VA(p) for some program p.

2. Remove all p whose length exceeds l.

3. Modify each p s.th. for every cycle k it holds: If p exceeds t timesteps, then it
writes wk = 0 and an arbitrary output yk on the output tape.

4. Set k := 1.

5. Simulate each p on yx<k.

6. Select the program with highest (verified) rating: p∗k := arg maxpwpk

7. Write yp
∗
k
k on the output tape.

8. Receive a perception xk from environment.

9. Set k := k + 1, repeat step 5.

One can show that for every agent p with l(p) ≤ l, t(p) ≤ t and a proof V A(p)
of size ≤ lP the AIXItl agent always has a higher or equal reward: Assume there is
a program p′ of reasonable size and runtime which achieves higher reward. Then its
output would have been taken as the maximum and in step 6 and thus AIXItl would
have at least achieved the same reward, contradiction.
The total size of the agent is bounded by O(log(l ·t · lp)), with the setup-time of O(l2P ·2lP )
(generating all proofs and verifying them). Also, in each cycle k AIXItl needs O(2l · t)
time to enumerate all programs p of size ≤ l and execute them, each with runtime t.
In the recent past a few other approximations have been developed for AIXI, namely a
direct brute-force approximation for 2× 2 repeated matrix games (e.g. the Prisoner’s
Dilemma), a Monte-Carlo approximation [8] and the MC-AIXI-CTW algorithm which
is based on Bayesian data compression and upper confidence bound expectimax tree
search [12]. It was shown that the latter was able to learn simple games like TicTacToe,
Pacman, Kuhn Poker from scratch, i.e. only by showing instances of the game without
teaching the rules. An illustration of the learning curve is shown in Figure 3.
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Monte-Carlo AIXI Applications
without providing any domain knowledge, the same agent is

able to self-adapt to a diverse range of interactive environments.
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Figure 3: Illustration of the average reward as a function of the number of games played
by the MC-AIXI-CTW algorithm

4 Conclusion
This seminar work presented an introduction to the theory of Universal AI, which
is the first sound and complete mathematical model of general artificial intelligence.
First, the foundations of UAI have been mentioned, namely Occam’s Razor, the field of
Algorithmic Information Theory (Kolmogorov complexity) and Epicurus’ Principle of
Indifference. Afterwards, a model for a super intelligent agent AIXI has been presented,
which acts optimally in any unknown environment, given that it is computable. Since
AIXI itself is not computable, we introduced several approximations, including the
AIXItl model. Recent implementations of these approximations have shown that AIXI
is able to learn simple games from scratch, i.e. just by repeatedly playing the games
without providing any rules.
Finally, there are still open issues: The question of finding better and more efficient
approximations of AIXI and the generalization of these implementations to more problem
classes than just simple games.
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